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carried out using ANSYS and MATLAB, and the method was tested numerically to 
validate its applicability. 
MASTER OF SCIENCE DEGREE 
KING FAHD UNIVERSITY OF PETROLEUM & MINERALS 
Dhahran, Saudi Arabia 
 vx
 
 )CIBARA( TCARTSBA SISEHT
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    مىازنه الذوارات المرنه في السرعات المنخفضه     :العنىان
 الهنذسة الميكانيكية  :التخصص
 1133\صفر     :التاريخ
ٌعتبر اختلال التوازن الكتلً أحد أكثر المشاكل شٌوعا فً الآلات الدوارة، حٌث لا تخلو أٌي من الآلات 
الدوارة على درجة ما من اختلال التوازن الكتلً و ذلك لأسباب متنوعة منها ما ٌتعلق بعملٌتً التصمٌم و التصنٌع ، 
و لهذا فإعادة التوازن لهذه الآلات أصبح ضرورة من خلال . التشغٌلوأسباب أخرى تنتج خلال عملٌات التركٌب و 
تقنٌة التصحٌح التً تتكرر على مدى العمر التشغٌلً للآلة و ذلك من أجل خفض الاهتزازات الناتجة إلى الحد 
زٌادة  ومن المسلم به أن تعرض الآلة للاهتزاز مدة طوٌلة ٌؤدي إلى عطبها و. المقبول وفقا للمقننات الصناعٌة
 .فترات توقفها عن العمل
إلى استحداث أعمدة دوارة أكثر عرضة للانحناء  العالٌة اتالسرع الخفٌف و الوزنولقد أدت متطلبات  
). elbixelF(و مرن ) digiR(صلب : المرن أثناء التشغٌل ، وبناء علٌه فقد تم تصنٌف الأعمدة الدوارة إلى نوعٌن
عند إمكانٌة تصحٌح توازنه عند أي مستوٌٌن و بعد ذلك ٌستمر متوازناً عند أٌة فٌعتبر الدَوار من النوع الصلب 
أما الدوار الذي لا ٌنطبق علٌه التعرٌف السابق بسبب الانحناء المرن فٌصنف . سرعة حتى سرعة التشغٌل القصوى
دور على سرعات تفوق أما من وجهة النظر الدٌنامٌكٌة، فتعرف الأجزاء الدوارة المرنة بأنها التً ت. بأنه مرن
سرعاتها الحرجة ، وتعتبر عملٌة موازنة الدوار المرن أكثر تعقٌداً ، حٌث ٌقوم الدوار المرن و بشكل متواصل 
وتعتمد . بتغٌٌر شكله المرن كلما وصل لإحدى سرعاته الحرجة ، مما ٌستلزم إعادة موازنته فً مستوٌٌن جدٌدٌن
ة عالٌة السرعة على دوران العمود عند سرعة التشغٌل فً معامل اتزان الطرق الحالٌة لموازنة الأجزاء الدوار
 .خاصة ، والتً توجد فقط فً بعض البلدان الصناعٌة الكبرى
وذلك منخفضة، اتزان عند سرعات  عالٌة السرعة ، المرنةلموازنة الأعمدة ٌقة وٌهدف هذا البحث إلى إٌجاد طر
وتعتمد الطرٌقة المستحدثة للاتزان على التحلٌل الموجً . السرعات العالٌة لتفادي تكلفة و تعقٌد عملٌة الموازنة على
، بالإضافة إلى المحاكاة الرقمٌة باستعمال الحاسب الآلً ، ) sisylanA  ladoM(لخصائص العمود الدًوار
بت من ولقد تم اختبار الطرٌقة المستحدثة بالمحاكاة الرقمٌة، وذلك للتث. MSTLSBو ANAYSواستخدام برامج 
 . جدواها وكفاءة تطبٌقها
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CHAPTER 1 
INTRODUCTION 
1.1 General Background 
Unbalance is the uneven distribution of weights of rotor about its rotating 
centerline. Rotating machinery accounts for the immense majority of the contemporary 
Machines. While the dynamic behavior of such machinery has always been important, the 
need for higher efficiency has resulted in the design of machines which are increasingly 
liable to vibration as the speed increases. In particular, the combined effect of lighter 
weight and higher speeds would result in the increased flexibility of rotors, thus 
complicating the problem of unbalance; which is one of the most important disturbing 
forces in rotating Machinery.  
Rotor is the rotating part of mechanical and electrical machines. A rotor is 
normally regarded as flexible, when it operates close to or above its natural frequency. A 
level of unbalance that is tolerable at a low speed is intolerable at a higher speed. This is 
due to the fact that the centrifugal force being produced by the unbalance condition will 
be coupled with elastic deformation of the rotor. Any unbalance in a rotating system can 
have devastating effects on the system during the start-up, slow down or when operating 
at or near the critical frequency. 
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According to Wowk [36], there was only static balancing prior to 1850. During 
that time, the available rotating machines were steam engines, wagon wheel, rail wheels 
and slow-speed pumps. The centrifugal force in such early machines was negligible 
because speeds were slow (less than 600rpm). In the second half of the 19th century, 
there were electric motors running at speeds above 900rpm. At such higher speeds the 
centrifugal forces becomes significant and as speed increases the vibration level 
increases. Static balancing is the first type of mass balancing and the rotor to be balanced 
would be allowed to rotate on smooth and hard parallels roll with its shaft. The heavy 
spot would rotate to bottom then some material would be removed from the bottom by 
drilling or adding weight to the top. Patent No. 110259 is an early balancing machine. 
This patient was filed by a Canadian, Henry Martinson in 1870. Two concepts were 
introduced by this machine: spinning the rotor for balancing (dynamic balancing) and 
apply weight on a long rotor at both ends (two-plane balancing). The rotor was mounted 
on bearings that were supported with springs and the motion generated by unbalance was 
amplified and made very noticeable. In 1929 the vector methods were presented by T.C. 
Rathbone first and later presented in 1934 by E.L. Thearle. Cross-effect was considered 
by both methods and analytical methods were presented to compensate for it. The vector 
method of Thearle is being referred to as influence coefficient method of simultaneously 
balance in two planes nowadays. This served as the basis for multi-plane balancing of 
flexible rotor that utilizes the influence coefficient balancing. The bulk of balancing 
problems were solved with single plane balancing and approximately 70% of all 
balancing being done these days used this method. Those difficult balance problems that 
could not be solved by single plane methods are being solved through two-plane 
3 
 
balancing while multi-plane balancing is being utilized for flexible rotors or rotors that 
have exceptional requirements. 
 Nevertheless, in 1950s, when there was good instrumentation to measure phase and the 
field balancing of flexible rotors in place became really victorious.   
It was reported by Yamamoto and Ishida [38] that the development of a balancing 
technique for flexible rotors became essential as a result of the arrival of high-speed 
rotating machines and the two representative theories were recommended: modal 
balancing that was recommended in 1950s and the influence coefficient method proposed 
in early 1960s and developed along with the evolution of computers. The influence 
coefficient method of balancing was described in 1982 by Rieger and by Rao in 1983 as 
the application of trial masses to the machine in order to determine the system influence 
coefficient experimentally [9]. Modal balancing method can be traced back to a 1929 
paper by T.C. Rathbone [36]. The two main methods of high speed balancing of flexible 
rotors are the modal balancing and influence coefficient balancing recommended in 
1960s and 1970s, while other methods of high speed balancing are based on these two 
methods [6, 33]. 
 
1.2 Literature Review 
The primary cause of the significant disturbing force in rotating Machinery is 
unbalance. Noise, wear and high level vibrations would occur when a machine is not 
balanced correctly. Imbalance forces will occur when the rotor mass centre is being 
eccentric to the shaft centre of rotation and creates centrifugal forces which operate on 
the rotor mass [9]. In addition, unbalance is the uneven allocation of the weight of a rotor 
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about its rotating centerline. The primary indicator of unbalance is high vibration 
amplitude at the rotational speed. Generally, the causes of unbalance can be divided into 
two types [36]:  
1.) Operational changes: 
Corrosion and erosion, deposit build-up, maintenance action that affect the 
mass distribution (e.g drilling, grinding, cleaning, changing bearings, etc), 
distortion due to thermally induced or gravitation, wear at the bearing or 
journal that changes the geometric axis of rotation. 
2.) Less than perfect manufacturing: 
Keys and keyways, cracks, porosity (particularly in casting), eccentricity, 
distortion due to the relaxation of residual stresses (shaft bow), hollow places 
contain loose parts moving around (that is dirty, water, welding slag)  
Besides, the causes of unbalance were further divided into four groups as follow [4]: 
 Material faults: Non-homogeneous material density, blow-holes in cast 
components, irregular material thickness 
 Manufacturing and assembly errors: Shrinking after soldering or welding, 
distortion from welding and casting errors, permanent deformation caused by 
relieved stress, stress errors caused by work procedures, stress as a result of 
uneven tightening of bolts or screws. 
 Construction and drawing errors: Un-machined surfaces on the rotor, components 
not symmetric, variations in roundness and construction because of coarse 
tolerances. 
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  Faults during operation: Blade fracturing on turbine rotors, wear on grinding 
wheels, erosion and corrosion of the rotor, material build-up on impellers, 
displacement of rotor parts caused by centrifugal force,  thermal deformation of 
hot-gas exhaust fans, general wear. 
Rotor can be classified and balanced as either rigid or flexible rotor [9, 27, 36]. A 
rigid rotor is the one in which during the operation it does not bend by an amount enough 
to produce a considerable change in the centre of mass eccentricity from the axis of 
rotation. This implies that in practice, rigid rotors are those rotors operating well below 
their pin-pin critical speed. The rigid rotor unbalances include static, moment (couple), 
dynamic and quasi-static [7, 24, 27]. 
According to [9, 27], the process of balancing rigid rotor involved addition of 
weights to the machine at any two or more balance planes. Static and dynamic balancing 
methods are the two procedures through which the rigid rotor can be balanced. Static 
balance is the condition that does not depend on the assumed angular orientation of the 
rotor. It involved the relocation of the mass centre in one or more directions to a 
stipulated point in space through the rearrangement of mass within the system or the 
addition of mass at proper coordinate values. It reduces system motion in one plane only 
or the plane synchronous with rotation. In order to remove the static unbalance, the 
balance weights need to be added at each end of the machine to be able to produce 
additional vibration that would cancel the unbalance. In dynamic balancing, the masses of 
the members and a speed squared are the major parameters. The forcing function for 
dynamic balancing is generally due to the rotation of the system and is oriented in the 
radial direction. When the resultant of all centrifugal forces acting on the rotor system is 
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zero, and the centrifugal force does not give rise to any couple acting on the machine, the 
rotor is said to be dynamically balanced.  
In order to balance the machine correctly, both static and dynamic balances must be 
achieved. Static balance would be obtained when the rotor does not come to rest at any 
favored angular orientation if it is placed on knife-edge supports. Therefore, there would 
not be net moment that can create rotation about the shaft axis as a result of gravity forces 
on the masses. The rotor is statically balanced automatically once it is dynamic balance is 
achieved. However, static balance could be obtained without dynamic balance. With rigid 
rotor balancing techniques, the rotor would balance to a stage that it would get to the 
desired speed without having problems. 
Moreover, flexible rotor is one in which considerable bending occurs. It can be 
identified as the one that is operating near or above a critical speed or identified as the 
one that has high length-to-diameter ratios. The examples of flexible rotor mentioned by 
Wowk [36] include high-speed turbines, generators, multistage compressors, multistage 
pumps and paper-machine rolls. The correction process is not complicated for rigid or 
simple rotors with only one mass in which it can be done by simply adding one balancing 
weight to the rotor at the right angular orientation. In rigid rotor balancing, there are two 
possible modes of vibration to deal with. The first is lateral mode that is related to static 
unbalance in which the ends of the rotor would be thrown out in the same direction. The 
second one is conical mode that is connected with dynamic unbalance in which the ends 
of rotor would be thrown out in opposite direction to each other. However, there are an 
infinite number of modes associated with long flexible rotors and this make the balancing 
process more difficult. This is due to the fact that both the distribution of unbalance 
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forces along the length of the shaft and the shaft vibration mode shape would affect the 
positions at which balance weights required to be added to attain balance. The location of 
the correction plane for weight addition is very vital in flexible rotor balancing and above 
all, flexible rotors by and large require more than two planes for absolute balancing. 
Flexible rotor balancing is sometimes synonymous with high-speed balancing.  
A study of the literatures on flexible rotor balancing is presented herein. The first part 
deals with balancing of flexible rotors at high speed while the second part involves low-
speed balancing of flexible rotors. The first part is as follows: 
Xu et al. [37] devised a rotor balancing method with no test run. The method used 
idea of influence coefficient method and the initial phase points (IPP) of Holospectrum. 
The information from the two sensors in one measuring plane was combined by IPP and 
this described the vibration states of the rotor totally in the measurement plane. The main 
different between these two methods is that the new method devised optimizes the 
correction masses directly without making use of the influence coefficient matrix. The 
genetic algorithm was used to optimize the correction masses in order to minimize 
residual vibrations at selected measurement locations and balancing speeds. The major 
procedures used include measuring the original vibrations and calculated the theoretic 
unbalance responses caused only by correction masses. These two were added together 
and the correction masses were obtained from the results through genetic algorithm. 
In their work, the unbalance responses were calculated by using the transfer matrix 
method. The optimization idea of both the least-squares and weighted least-squares 
method were used on separate cases. It was reported that both simulation and 
experimental analyses were carried out and they concluded that the results from both 
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analyses showed that the residual vibration could be reduced by their method 
successfully. 
Nevertheless, in Xu et al. [37] method of balancing flexible rotor, the likely speed at 
which unbalance responses could be calculated was not stated and gyroscopic effect was 
not considered. 
         Herbert [11] suggested in his work the method through which it could be 
determined whether the rotor in question needed high speed balancing or not. This 
considered the state of the rotor in terms of its flexibility and operating environment. He 
said there were many large turbine generators, with multiple rotors, that would pass 
through their shaft critical speeds but they could be balanced safely at low speed. He 
made it know that the environment would not affect the rotors that are very stiff in 
relation to their support structures and they are going to be operating as free-free beams. 
At lower speeds, the rigid body modes of bounce and rock would dominate and only at 
higher speeds the first true flexural mode could be excited. Also, the rotors that are going 
to be operated as a pinned-pinned beam are those rotors that were weak in relation to 
their support structures and the motions of the rotors would be dominated by their 
flexural modes. This kind of rotor required high-speed balance procedures if it operated 
at speeds close to or above its first flexural frequency. It was concluded that by merely 
computing the pinned-pinned natural frequency a speedy estimate would show whether it 
is required to balance the rotor at high or low speed. However, the method is only 
applicable to large, reasonable symmetric rotors in the power generation industry and its 
suitability to a wide range of rotors needed to be investigated. 
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Liu and Qu [26] presented a balancing method for rotor systems called the holo-
balancing method.  The method made use of conventional balancing methods of flexible 
rotor systems. In order to make the balancing process easier in this method, genetic 
algorithm (GA) optimization and computer simulation were used. The foundation of 
holo-balancing for a flexible rotor system was the transfer matrix. It was stated that the 
transfer matrix could be acquired by tracking one field balancing, a trial weight adding 
experiment, or by theoretical calculation. In their work, two mutually perpendicular 
proximity transducers were mounted on each bearing section to monitor the vibration. 
The matrix of three-dimensional holospectrum that provided the complete vibration 
information of a rotor in all bearing sections was obtained from the integration of all the 
first frequency ellipses. The transfer matrix of a unit trial weight was acquired for each 
correction plane. This was acquired from the initial and unbalance responses due to a unit 
trial weights applied to the correction planes. Correction masses and angles on each 
balancing plane were then obtained from these matrices. The GA and the computer 
simulation were utilized in turn to optimize the correction masses. The method was 
validated through the field balancing of 300 and 330MW turbo-generator units (using 
single and multi plane balancing methods). Hence, they concluded that the holo-
balancing method decreases test number, increases precision and efficiency of field 
balancing. It is noted that all balancing processes were carried out at rated speed. Besides, 
they did not discuss the required number of balancing planes and measuring points for 
optimum balancing. 
Kang et al. [13] employed the minimization of condition number of Hermitian 
matrix of influence coefficients to balance the rotor. The sensor locations and balancing 
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planes selected for the balancing procedure were utilized to acquire the condition number 
of this matrix. In order to simulate the balancing of flexible rotor-bearing systems under 
diverse arrangements of sensors and planes, finite element analysis was used. The 
situations in which sensors were fixed and correction planes were not and vice versa were 
considered. In their study, the influence of condition number on balancing accuracy and 
correction masses were used to search for the best sensor and balancing plane locations. 
The influence coefficient method that used the finite element analysis was employed to 
simulate the balancing procedures of several flexible rotor-bearing systems. The trial 
weight located at correction plane was utilized to create an excitation of the finite element 
model. Through this, they were able to acquire the unbalanced response and influence 
coefficient matrix. They discovered that among all the possible arrangements of sensors 
and balancing planes considered, the best balancing results (highest accuracy and lowest 
total correction mass) was provided by those whose condition number lies below a 
certain threshold.  The sum of the required correction masses tends to decrease as the 
condition number decreases, and accuracy tends to increase. They stated that by trying to 
minimize the condition number of Hermitian matrix of influence coefficients earlier 
before balancing, the accuracy of the method could be improved and this could be done 
by searching for the optimal locations of measurement sensors and/or balancing planes. 
Thus, the quantities and locations of measurement sensors and balancing planes must be 
decided prior to simulating influence coefficient matrix of a real rotor-bearing system. 
In each set of simulation they carried out, the number of sensors and balancing planes 
were equaled and all the influence coefficient matrices obtained from each set were 
square matrices.  Also, in each case considered, different condition number which 
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described the quality of influence coefficient matrix was obtained. In addition, they 
performed the experimental verification by using the rotor kit (with four disks, four 
sensors and keyphasor) to verify their simulation results and the balancing accuracies 
were calculated. 
It was concluded that their results shown that by choosing an influence coefficient matrix 
with a smaller condition number, a higher balancing accuracy could be achieved. 
However, in their work, several sensors, correction planes and different speeds (which 
include speeds below and above the critical speed) were considered. The most 
advantageous number of sensors and correction planes that required was not mentioned. 
In addition, the range of speeds at which their approach can be used to achieve effective 
balancing of flexible rotor was not discussed. 
Das et al. [7] also proposed an active vibration control scheme for controlling 
transverse vibration of a rotor shaft due to unbalance and increase the stability limit speed 
of the system. The method utilized electromagnetic exciters climbed on the stator at a 
plane usually away from the conventional support (bearings) locations around the rotor 
shaft. This was done in order to apply appropriate force of actuation over an air gap to 
control the transverse vibration. The locations far-away from discs were considered for 
the exciters to avoid interfering with the rotor operation in any way. The electromagnetic 
exciters were designed in a manner that allowed a set of exciters to develop radial control 
force. This set consists of four pairs of poles of electromagnet which were symmetrically 
placed around the circumference of the rotor. Nonetheless, it was explained that 
whenever rotor is vibrating at any instant during the operation, it would move away from 
a particular pair but closer to opposite pair of poles. If X is the axis of rotation, along Y 
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or Z direction, the control force to oppose shaft deflection would be attained by 
concurrently stepping down the current in the coil around the opposite pair (to which the 
rotor is nearer).  Similarly, the current in the coil around the particular pair of poles (from 
which the rotor is farther) would be stepped up by equal amount from the steady bias 
current. In order to show the effectiveness of electromagnetic exciter in controlling the 
rotor unbalance, the numerical simulation was performed. Lalanne‟s rotor with two 
identical orthotropic bearings was considered and MATLAB 7 was employed to develop 
program that was utilized to find the results. They observed from the results obtained that 
by virtue of incorporating stiffness and damping effects, the exciters helped not only to 
reduce the unbalance response amplitude but also raised the stability limit speed of the 
rotor-shaft system. Hence, they concluded that their method is free from the difficulties 
of maintenance, wear and tear and power loss and there exist specific locations of the 
exciters for considerable reduction of response and increment of stability limit speed with 
comparatively low value of control current. Nevertheless, the method proposed by Das et 
al. [7] cannot be applied to majority of rotors because the space (for the location of 
electromagnetic exciters which need to be fixed for effective performance) will not be 
available in all rotors. The exciters will also constraint the bearing or disk movement 
where the shaft is not long or disks are closed together. Similarly, the implementation 
will be more expensive for multi-correction planes. 
As for low-speed balancing of flexible rotors, few investigations were reported. 
Tan and Wang [33] stated in their work that at low speed by using influence coefficient 
method of balancing; the first n  modal components of unbalance of a flexible rotor could 
be balanced without solving for the unbalance components. Their objective was to 
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propose a theory and method of low speed balancing for flexible rotors that could unify 
the theories for balancing flexible rotors (modal and influence coefficient methods that 
have been developed) and at the same time that would balance the flexible rotors at low 
speed and give the same acceptable result as that of high speed. They developed the 
relationships between the modal and influence coefficient methods of balancing flexible 
rotors and theory of low speed balancing of flexible rotor was then deducted from them. 
In their theory, they made it known that in order to balance the shaft at low speed, there 
are going to be correction and measurement planes and correction weights. So, from the 
deflection due to initial unbalance and balance correction of the shaft the influence 
coefficient matrix due to correction vector could be obtained. However, they stated that 
in order to make the residual unbalance deflections of the shaft equal to zero through the 
balance correction, different methods for balancing flexible shaft could be applied and 
these include modal balancing and influence coefficient methods. This implied that at the 
measurement points the initial unbalance deflections of the shaft could be reduced to zero 
as a result of the effects of the balance correction through these methods. 
 Moreover, it was stated in [33] that if the rotor is balanced through the modal balancing 
the residual unbalance deflections of a flexible rotor could be very small in a range of 
speeds lower than the nth  critical speed. Also, a group of balance corrections could be 
acquired if the influence coefficient method was to be used at a balancing speed to make 
the residual unbalance deflections equal to zero at measurement points on the shaft, when 
these corrections are applied to the rotor. Hence, in order to determine the corrections 
through the influence coefficient method, the conditions stated in their theory that needed 
to be met are as follow: the operation speed could be equal or greater than balancing 
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speed but should less than the next critical speed, the balancing speed should not equal to 
any critical speed, the number of correction and measurement planes must equal to order 
of critical speed that is just higher than the operating speed, determinant of modal 
component matrices corresponding to the correction planes and the measurement points 
on the shaft should not equal to zero, the rotor–bearing systems should be undamped or 
with linear proportional or small damping and the effect of run speeds on its natural 
properties should be very small that they can be disregarded. It was concluded that if the 
above conditions were met, by using the influence coefficient method in a single speed, 
multi-correction-plane and multi measurement point, the first n modal component of 
unbalance of a flexible rotor can be corrected at low speed. It is noted, however that their 
method did not consider the gyroscopic, rotational and shear deformation effects in their 
theory. Also, their maximum balance speed was operation speed which was automatically 
above the available critical speeds within the operation speed and this was no longer a 
low speed. Similarly, the theory was made for low speed balancing of long (uniform rotor 
without disk) or shaft that represented few flexible rotors being in used and they did not 
demonstrate the applicability of the method. 
Liu [25] also introduced a method that could be used to balance a flexible rotor 
with no test runs at high speeds and the method was regarded as Low-Speed Holo-
Balancing (LSHB). The LSHB principle was based on the holospectrum technique and it 
used the balancing speed that was less than first critical speed. There was a relation 
between his work and that of Tan and Wang [33] theoretically. However, his method was 
devised for high speed rotating machinery running at the speed between the first and 
second critical speed and initial phase points (IPP) were used to indicate unbalance 
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responses.  His method utilized the information from more than one sensors and a three-
dimensional holospectrum was constructed to illustrate the absolute vibration response of 
a rotor through a multi-sensor fusion. In his work, the experimental rotor rig was used 
and his aim was to correct the first two low modal unbalances. The balancing speed was 
set to the speed below the first critical speed. The operation speed was between the first 
and second critical speeds while damping effect was neglected. Four runs were carried 
out, the first two runs were to obtain initial responses at operation and balance speeds 
while the third run was to obtain the response due to trial weights (located at the equal 
angles) at two balancing planes. The last run was like third run but it was to obtain the 
response due to couple unbalance with trial weights located at the two balance planes but 
at different angles (180
0
 apart). Five sensors (4 proximity and 1 phase probes) were 
utilized and the information from these sensors was used. The vibration responses were 
defined by constructing a three-dimensional holospectrum through a multi-sensor fusion. 
The correction weights and angles were then acquired. He stated in his conclusion that 
the method adopted was an extension of the traditional flexible rotor balancing method 
but it did not involve test runs at operation or critical speed during the balancing 
processes.  
However, the method developed in [25] was limited to the rotors that are operating 
between the first and second critical speeds only and it was applied to symmetric rotor 
that is not common. Similarly, the gyroscopic effect and damping in the system were not 
considered. 
          In the long run, regarding all the works narrated, some approaches and theoretical 
formulations have been described. The procedures and practices defined are very 
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distinctive in their own nature and content. All the reported studies suggested methods 
that could simplify the balancing procedure and the cost of performing rotor balancing. 
Above all, these procedures have an inherent value. Some require longer time, costly 
equipment such as accelerometers, probes and other balancing components that are not 
listed in the researchers‟ procedures. Some also need to be done by professional while 
some techniques are not applicable to all rotors. In addition, majority of researchers‟ 
silent on the optimum number of correction plane, number of measurement plane and 
balancing speed for their methods. At the same time, some of these researchers did not 
consider the rotational inertia, shear deformation and gyroscopic effects that is vital in 
flexible rotor analysis. These and many more are the buried costs in all balancing 
practices that were not discussed. Hence, the need for a balancing system that reduces 
loss, downtime, training and the cost is crucial to company‟s managements. 
 
1.3 The Current Status 
The need to devise a low-speed balancing method for balancing high-speed rotors 
was recognized and addressed. Yet, very few investigations have been reported in the 
available literature. Flexible rotor balancing, in general, relies to a great extent on 
physical insight into modal nature of the unbalance response. In this regard, the insight 
into the elastodynamic behavior of rotors can be greatly aided by mathematical modeling. 
Although, the importance and utility of mathematical models were recognized and 
addressed by many investigators within the context of balancing multi-bearing rotor 
systems, they were not equally utilized in conjunction with devising low-speed methods 
for balancing high-speed flexible rotors. To date, there is no established systematic low-
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speed scheme for balancing high-speed rotors. It was also noted that there is no high-
speed balancing facility in the Kingdom, which stands in the forefront of turbomachinery 
users in the world. 
 
1.4 Objectives of the Present Study 
The objectives of this research work are: 
1.) To devise a method for balancing flexible rotor at low speed 
2.) To numerically test the developed technique in order to ascertain its validity. 
  In this regard, the hypothesis postulated by Tan and Wang [33] is extended to include 
rotary inertia, gyroscopic and shear effects. The developed method permits multi-disk 
multi-bearing rotor systems, by utilizing the powerful FEM discretization method. 
Moreover, the developed technique ensures that the balancing speed is well below the 
first critical speed; thus allowing high-speed flexible rotors to be balanced on traditional 
balancing machines; or open casing in balancing in the field. 
The rotordynamics module in ANSYS will be used to model the rotor and perform the 
required analyses on it. MATLAB is then used for processing and manipulation of data 
and carrying out the numerical procedure for calculating the proper correction masses. 
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CHAPTER 2 
THEORY OF BALANCING FLEXIBLE ROTORS 
    Several newly designed machines are equipped with flexible rotors. Examples of such 
machines include turbines, generators and pumps. Traditionally, the rotor is regarded as a 
plastic rotor if the change in unbalance is permanent whereas it is either body-elastic or 
shaft-elastic (Figure 2.1) if the unbalance decreases again as the speed decreases. Elastic-
shaft rotor is a type of the rotor that operates either near to or beyond its critical speeds 
and distorts when approaching the critical speed. At the critical speed the deformation 
reaches its maximum and decreases again as the speed continues to increase. The rotor 
bends into a V-shape in the neighborhood of the first critical speed, S-shape near the 
second critical speed and W-shape in the vicinity of the third (Figure 2.2). Hence, these 
are at times referred to in balancing technology as a V-mode, S-mode and W-mode and 
these bending shapes associated with the critical speeds are called natural modes. In 
general, almost all rotating machine components which have a high service speed need to 
be balanced. The industries where machines need balancing include [4]: 
1.)  Mechanical and electrical machine construction: 
Steam and gas turbines, compressors, pump rotors, gearbox components, 
electric motor and generator armatures, fast rotating components of transport 
systems. 
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            FIGURE 2.1: A Shaft-Elastic Rotor [4] 
 
 
FIGURE 2.2: Natural Modes of a Roll-Shaped Rotor (Bending Shape of a Roll at (a) 1st 
Critical Speed (b) 2nd Critical Speed (c) 3rd Critical Speed) [4] 
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2.) Machine tool and fixture construction: 
Cutting wheels, grinding discs and wheels, gears, drive assemblies, fast 
rotating equipment in turning and milling machines. 
3.) Chemical industry, food industry and other material processing plants: 
Centrifuges, stirring apparatus or agitators, pumps, fans, beaters or hammer 
mills, textile and winder spindles. 
4.) Vehicles and other powered machine construction: 
Crankshafts, flywheels, clutches, impellers, gearbox components, drive shafts, 
wheels, wheel sets, tires. 
      In this chapter, the fundamental methods of balancing flexible rotor are discussed 
with a brief outline of their mathematical background. In addition, the guidelines for 
selecting the balancing trail weights will be presented. 
 
2.1 Fundamental Methods for balancing flexible Rotors 
A flexible rotor has an infinite number of potential modes of vibration related to 
the system, whereas the rigid rotor has only two possible modes of vibration. Each 
vibration mode of the rotor is associated with a particular frequency. Therefore, it is 
imperative to balance flexible rotors not only for the first two possible modes of vibration 
(static and dynamic imbalances) but also for all elastic modes of vibration up to the 
maximum running speed of the machine. 
There are several methods that can be used to balance the flexible rotor which 
include [36]: Influence-coefficient method; Modal balancing; Multi-plane, multispeed 
balancing; Low-speed, rigid rotor balancing; Low-speed, flexible balancing; Static-
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coupling method and Single-plane balancing of components and manufacturing tolerance 
control. 
In general, the two fundamental methods used to balance the flexible rotors include 
modal and influence coefficient balancing. They required high speeds with several 
numbers of trial runs.  However, it should be noted that flexible rotor balancing is greatly 
depends on the prior experience with related rotors and is not simply methodized to be 
commonly applicable. Also, flexible rotors are costly and the speeds can make them 
hazardous. Due to these reasons, the flexible rotor balancing should not be attempted 
without a tutor [36].  
In this section, the modal balancing and influence coefficient methods and their equations 
will be presented.  
 
2.1.1 Modal Balancing Method  
The modal method of balancing is the method in which weights are placed at 
precise axial location to cancel out critical speed bending. A different set of weight is 
determined and applied for each mode shape while the earlier rigid rotor balance done at 
lower speed would not be altered [36]. Modal balancing is a progressive, step by step 
technique through which the modal components of unbalance are acquired 
experimentally and corrected in succession, commencing from the first mode by 
fastening to the shaft the appropriate correction masses in order to reduce modal 
components of the residual unbalance to approximately zero [33]. The inherent 
assumptions of modal balancing include neglecting the effect of system damping, lateral 
anisotropy and gyroscopic forces [6]. Whenever balance weight is to be positioned, its 
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axial location should be chosen close to the anti-node in the mode shape because this is 
the area where the applied weight forces will have the greatest effect on straightening the 
shaft [9]. 
In order to balance the rotor through modal balancing, firstly, the vibrations 
(amplitude and phase angle relative to some reference position on the shaft) of machine 
are to be measured usually at places very close to the location of bearings.  
The machine static unbalance is precisely corrected at the first critical speed since this is 
the speed that the machine is mainly sensitive to this kind of unbalance. Thus, to 
eliminate the vibration related to the static unbalance the balance weight will be attached 
to the rotor at balancing plane and machine needs to be operated to a speed close to the 
first critical speed when measurements are to be made. Then, the magnitude and angular 
position are to be determined as it was done initially, taking into consideration of the 
appropriate phase lag angle and machine sensitive to unbalance. 
Also, the machine will operate close to the second critical speed of the machine in order 
to balance the second vibration mode and machine is sensitive to dynamic unbalance at 
this speed. Measure the vibration of the system and compute the needed magnitudes and 
phase angles of the balance weights as done in balancing first mode from the knowledge 
of the phase lag angle for the machine second critical speed and experience of the 
sensitivity of the machine to balance weight addition. Then, through the location of the 
anti-nodes of the mode shape concern the axial location of the balance weight is 
determined. 
Since some flexible rotor machines operate close to or above ,......)4,3( nn
th
 
critical speed, it becomes a must to balance the rotor up to third critical speed if 3n  for 
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instance. If the rotor is operating close to third critical speed and in order to correct 
vibrations the balance weight is added to the anti-node at the centre only, this will upset 
the static balance and at first critical speed the level of vibration will increase. Hence, it is 
crucial to add some mass at the centre of the rotor together with an equal amount 180
o
 
around the rotor, half at each end of the machine so that static balance will not be upset. 
This means that to be able to balance third critical speed, three planes are needed for the 
balance weights addition and are usually positioned close to the anti-nodes of the third 
mode of vibration. This process is also applicable to the balancing of machines with any 
number of critical speeds. In addition, concerning the machines that operate with very 
flexible bearing, it is advisable to balance the rigid body modes before starting the 
flexural modes (Figure 2.3). In this case, correction is made at a number of balance 
planes equal to the number of flexural mode under consideration plus two more planes. 
These are needed for successive balancing of flexural modes in order to ensure that 
previous rigid body balance is not upset. This method is referred to as 2n  plane 
balancing method [4, 9, 23] (see Figure 2.3).  Some general mode shapes and likely 
weight placements are as shown in Figure 2.4.  
Regarding the overhung rotor, before the rotor is assemble on the machine the 
shaft must be balanced in isolation and the second balancing will then be done with 
attention focus on the rotor. Also, it is generally desirable to balance them as independent 
units if the machines consist of two or more shafts coupled together [9]. 
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    FIGURE 2.3: Correction Mass Distribution [9, 23] 
 
 
     FIGURE 2.4: The First Three Bending Mode Shapes of Rotor [36] 
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However, the procedures that have been utilized to perform the modal balancing are 
usually classified as either n  or 2n  plane modal balancing [6, 38]. The common 
procedures of modal method of balancing include [36]:  
1.) Balancing the rotor at low speed as a rigid rotor first to correct gross unbalances. 
Two weights will be placed on the rotor outboard near the end planes. 
2.) If balancing was to be done on a high speed facility, rotor needs to be mounted on 
bearings that are similar in stiffness to the site conditions but if the balancing is to 
be done in its original place, this requirement is not compulsory. 
3.) Operate the rotor to a speed approaching the first critical speed and measure the 
vibration. 
4.) Stop the rotor and toward the middle of the rotor attach the trial weight. Since any 
single weight placement will damage the previous balance achieved as a rigid 
rotor and to prevent this, the trial weight should be distributed as shown in the 
Figure 2.5 (for symmetric rotor). In case of unsymmetrical rotor shown in Figure 
2.4 the compensating weights in the end planes should be adjusted by the lever 
rule based on the location of the centre weight. For instance, the left 
LW  and right 
RW  compensating weights can be computed as 
ba
a
WW
ba
b
WW RL



 ,                                                                (2.1) 
Apart from this, the compensation weight set can be measured on the balancing 
machine rather than calculating it. 
5.) Operate the rotor again to the same speed as the original run in step 3 and measure 
the vibration. 
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6.) Using the standard single plane vector calculation to calculate the correction 
weight. If needed be, trim balance as essential until the first critical speed can be 
safely traversed. 
7.) Operate the rotor to a safe speed approaching the second critical speed and 
measure the vibration again. 
8.) Stop the rotor and attach the trial weight set as shown in the Figure 2.6. This 
weight set is devised to decrease second mode bending with no damage to the 
previous balance results at the first critical speed and as a rigid rotor. This weight 
set is applicable to a symmetrical rotor. 
9.) Operate the rotor again to the same speed used in step 7 and measure the 
vibration. 
10.) Using the standard single plane vector calculation again to calculate the 
correction weight. Also, if demanded, trim balance as required until the second 
critical speed can be safely traversed. 
11.) Operate the rotor again to a safe speed approaching the third critical speed and 
measure the vibration. 
12.) Stop the rotor and attach the trial weight set as shown in the Figure 2.7. This 
weight set is meant to change mainly third critical speed bending and maintain 
the previous balance improvements. This weight set is also applicable to a 
symmetrical rotor.  
Regarding unsymmetrical rotors, the amount in the end planes require to be 
adjusted based on the locations of the central weights and sensible leverage.  
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FIGURE 2.5: Distribution of Weights in order to Correct First Mode Bending without 
Affecting earlier Balance Results [36] 
 
 
Figure 2.6: Distribution of Weights in order to Correct Second Mode Bending without 
Affecting earlier Balance Results [36] 
 
 
        
FIGURE 2.7: Distribution of Weights in order to Correct Third Mode Bending without 
Affecting earlier Previous Balance Results [36] 
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Although, during a low speed run as a rigid rotor the end corrections can also be 
measured on balancing machine. 
13.) Operate the rotor again to the same speed used in step 11 and measure the 
vibration. 
14.) Using the standard single plane vector calculation again to calculate the 
correction weight and if required, trim balance as compulsory until the third 
critical speed can be safely crossed. 
15.) Repeat the procedure for higher modes until the final service speed is attained. 
Each succeeding weight set should be carefully chosen so that the previous 
balance will not be disturbed. 
16.) The final balancing will be done at the rotor‟s service speed with the correction 
weight placed in the end planes only. 
It is noteworthy to mention that the relative locations and amount of weight sets shown in 
Figures 2.5, 2.6 and 2.7 are only for symmetrical rotors while axially unsymmetrical 
correction planes are needed for unsymmetrical rotors, and the weights may require to be 
adjusted to acquire the correct couples. In case that all weights cannot be placed at the 
same radius, to attain equivalent centrifugal force effects, further adjustments need to be 
carried out.  
In addition, some knowledge regarding the deflection is fundamental to the modal 
method of balancing [8, 23, 36]. Therefore, it is most valuable to have numerous 
proximity probes along the rotor to measure deflection or to have some other means of 
measuring (like shaft riders or a laser vibrometer) to obtain this information. In order to 
be able to balance up to the 
thn  critical speed the modal balancing method needs an 
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additional correction plane for each higher mode. Normally, the flexible rotor balancing 
needs 2n correction planes, where the latter two are used at the start to correct the rigid 
rotor vibration. 
 
 
                FIGURE 2.8: Flexible Shaft 
 
Furthermore, the most common case of distributed unbalance may be expanded in 
terms of the modal eccentricity components in terms of the mode shapes. The amplitude 
response of these modes can then be obtained according to the responses to the modal 
components. These components are acquired be expanding the eccentricity in terms of 
the modal functions. Hence, the unbalance components are reduced gradually from lower 
mode in modal balancing method [38]. In this context, the theoretical basis of the method 
is highlighted. The equation of motion of the beam element (Figure 2.8) in y-direction is 
given as 
                        ),()()( 2
2
2
2
2
2
txF
x
y
xEI
xt
y
xA 














                                               (2.2) 
                       ),(),()(),()( 2
2
txFtxyxEI
x
txyxm 


                                           (2.3) 
30 
 
where )(),( xEIxm  and ),( txF  are mass per unit length, flexural rigidity and external 
force. 
When balance correction is added to a rotating unbalance shaft, the external force 
(centrifugal inertial force) in Eq. (2.3) will consist of forces caused by both the unbalance 
and balance correction [33].  Hence, Eq. (2.3) will become 
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In which  , )(xa , )(xmc  and )(xrc  are rotational speed of shaft, shaft eccentricity, 
correction mass and radius of correction mass from centre of the shaft. If   ),( txy   is 
defined as 
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Upon substituting Eq. (2.6) in Eq. (2.4) we have  
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If Eq. (2.7) is multiply by )(xi  and then integrate over the entire length of the shaft, then  
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However, for the orthogonality condition of a continuous rotor 
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For which  im  and ik  are modal or generalized mass and stiffness. When the Eq. (2.9) is 
substituted into Eq. (2.8), the following will be obtained 
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Hence, from Eq. (2.10) [23] 
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in which iU   is modal unbalance and for the n  plane modal balancing, 
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When Eq. (2.12) is put into Eq. (2.11), it becomes 
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Generally, regarding the balancing of n  modes, a simultaneous solution is needed for 
correction in n  balancing planes, requiring analysis in the xy  and xz  planes, which 
implies that one needs to deal with planar components algebraically rather than with 
single resultant modal corrections [10]. 
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So, if for instance, 3n , modal unbalances 
21 ,UU and 3U  are known and they are in the 
same xy  plane, then the simultaneous equations for balancing the first 3 modes from Eq. 
(2.13) with correction planes 1, 2 and 3 are 
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Then, 21 ,uu  and 3u  can be solved for in the Eq. (2.14). Hence, the three unbalances 
needed to be added to the three balancing planes can be obtained as follows; 
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                         (2.15) 
Since it is complicated to establish 321 ,, UUU  practically, they can be determined by 
trial and error [38]. This can be done by attaching the correction weight 11m to the rotor 
first balancing plane and operate it at a speed close to first critical speed, the correction  
weight value will be vary after each run until the first mode vibration decreases to 
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acceptable level. Also, the two correction weights 12m and 22m will be attached again to 
the rotor in order to balance the second mode and the rotor will be run at a speed close to 
second critical speed. The value of these weights will be adjusted after each run until the 
second mode was decreased. When, the second mode is balanced, the three correction 
weights 13m , 23m  and 33m  will attached to the rotor at balancing planes and operate the 
rotor to a speed close to third critical speed. Varying each of these weights after each run 
until the third mode is decreased. Then, the total correction weight at first, second and 
third balancing planes will be 131211 mmm  , 2322 mm   
and 33m . 
However, as the number of modes to be balanced rises up, the balancing planes 
needed also increase, equivalent to the number of modes to be balanced. No plane should 
be selected at a node [10]. 
The advantages of modal balancing method include [6, 23, 27]: 
 It has excellent sensitivity at high speeds and at highest speeds the number of 
sensitivity runs is reduced. 
 Balancing of a specific mode is allowed without affecting earlier balanced modes 
(lower modes). 
 It can be completely empirical procedure. 
Similarly, its disadvantages are [6, 23] 
 It needs substantial operator insight/precise prior knowledge of rotor dynamics 
 Unrealistic assumptions of planar mode shapes may not be suitable for system 
with considerable damping or bearing cross coupling effects. 
 Sensitive to measurement error 
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 It requires a highly skilled operator 
 It does not easily lend itself to production applications 
 
2.1.2 Influence Coefficients Method 
In a situation whereby a system has large damping or if a system has some rotors 
connected to each other such as in steam turbine generator system, the characteristic 
modes will not become visible obviously, influence coefficient method of balancing is 
then employed [38]. Influence coefficient method of balancing is defined as data 
processing technique to minimize rotor‟s vibration to an acceptable value according to a 
appropriate criterion [33]. It is also a method that makes use of either weighted least-
square or least-least square method to solve over-determined linear equation system in 
order to obtain the correction masses [37]. The method is shortcoming is that a huge 
amount of test runs are required to obtain not only the original vibration data but also the 
data of trial weights in multiple correction planes at different speeds [25]. The method 
assumes that the rotor response is a linear function of the unbalance [6, 25, 36].  It is a 
standard and extensively used method for field balancing in industrial applications. It 
needs no much knowledge of the rotation system and the balancing operation is easy to 
carry out on a computer. Due to the inaccuracy of the sensors and nonlinearity of the 
rotor-bearing system, certain errors are generated [13].  
In order to determine the influence coefficients of the system experimentally, this 
method involves the application of trial masses to the machine. These will then be used to 
calculate the exact magnitudes and the positions of the balance correction weights when 
the initial imbalance vibration has been documented. It is noteworthy to mention that 
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more influence coefficients may be needed depending on the vibration mode to be 
balanced. The influence coefficient matrix must be square and invertible; otherwise an 
optimization process is needed [9]. However, the influence-coefficient method of 
balancing is described as an extension of two-plane balancing methods by adding 
correction planes, speeds and measurement points and there are no restrictions to the 
number of correction planes or to the number of speeds at which measurements are to be 
acquired. Influence-coefficient method can be applied to both flexible and rigid rotors, as 
well as multi-baring rotors. It shortcoming is that it must be carried out with a computer 
due to the extensive matrix computations [36]. This method is an empirical method that 
adds trial weights at selected balance planes and assumes that the rotor response is a 
linear function of unbalance. This can be linear written as a system of equations [9, 36] 
  }{}{ UAV                                                                                        (2.15) 
where UandAV ,  are vibration amplitude and phase, influence coefficients matrix and 
unbalance. 
The equations are going to be generated by making many rotor runs as the trial weights 
are moved from one correction plane to the other. The weight set that will be selected 
mathematically must be the one that will produce the minimum vibration at all 
measurement points. This can be computed for one speed or with at least square fit for 
many speeds.  There must be as many trial runs at least as there are measurement 
locations [9, 33, 36]. In order to achieve better balancing, additional data with more trial 
runs at different speeds can be combined statically. The common procedure for the 
influence coefficient method can be highlighted as follows [36]: 
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1.) There should be q correction planes, n  transducers to measure vibration and k  
speeds. It will then be knp   opportunities to obtain data while the balancing 
speeds include kSSS ,.....,, 21  
2.) Carry out an initial run to measure the vibration at each transducer for each speed 
one after the other in the original condition. Let the vibration amplitude, and 
phase at each transducer be represented by
k
noW , where superscript k  refers to kth
speed and the subscripts n  and o  refer to the nth  transducer and original 
condition. 
3.) Attach the trial weight 
1m  to the rotor in correction plane 1. Its radius is 1r  and 
phase angle is
1 . 
4.) Run the rotor again and measure the vibration (due to adding 
1m  in correction 
plane 1) at each transducer n  for each speeds k  one after the other. The following 
tabulated measurements shown in Table 2.1 will be achieved: 
k
nW 1  
5.) Remove the trial weight 
1m  from plane 1 and attach the trial weight 2m  (the same 
trial weight as 1m  or a different one) in correction plane 2. This is going to have 
radius of 
2r  and phase angle location of 2 . 
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TABLE 2.1: Transducers Measurements at Several Speeds when Trial Weight is 
attached   to the First Balancing Plane 
 
First Plane  
Transducer  
Number 
Speed Number 
 1 2  k  
1 
1
11W  
2
11W   
kW11  
2 
1
21W  
2
21W   
kW21  
         
n  
1
1nW  
2
1nW   
k
nW 1  
 
 
 TABLE 2.2: Transducers Measurements at Several Speeds when Trial Weight is 
attached to the Second Balancing Plane 
 
Second Plane 
Transducer  
Number 
Speed Number 
 1 2  k  
1 1
12W  
2
12W   
kW12  
2 1
22W  
2
22W   
kW22  
         
n  1
2nW  
2
2nW   
k
nW 2  
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6.) Run the rotor again and measure the vibration that will occur due to the addition 
of 
2m  in correction plane 2 at each transducer n  for each speed k  one after the 
other. The following measurements shown in Table 2.2 will be acquired: 
k
nW 2  
7.) Repeat the steps 5 and 6 for all the available correction planes for qx ,....,4,3
.The measurements 
k
nxW  as that of step 4 and 6 will be obtained for each x . 
8.) Compute the influence coefficients as follows 
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where qj .......,3,2,1 , 
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jj erm

 is trial weight and jm , jr  and 
jie

 
( 1i ) are its mass, its radius and its phase angle. 
If the trial weight is arbitrarily selected as the zero angle location, then 10 e . 
9.) Construct the influence coefficient matrix with elements obtained in step 8: 
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Then, 
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10.) The influence coefficient matrix ][A  must be square and non-singular matrix so 
that it can be inverted to
1][ A . In order to achieve these requirements, p  must 
equal to q  or the number of data points must equal the number of correction 
planes. If balancing was carried out at a single speed ( k =1), np   and the 
number of transducers must equal to the number of correction planes. The data 
set should be modified to make qp   if the data obtained is more than required. 
This can be done by eliminating part of the data or additional data is preserved 
and least squares fit is applied generally to the speeds to achieve an optimum 
balance. 
11.) Calculate the vector of correction weights, }{U  given as [6, 9, 33, 36] 
}{][}{ 1 WAU                                                                                (2.18) 
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It can be seen in this method that the number of transducers can be reduced if more 
balancing speeds are to be used. It is advisable to use more than one balancing speed to 
apply the statistical averaging method and eliminate some measurement inaccuracies 
[36].      
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           However, if the Eq. (2.16) is used as it is, the unit of elements of 
k
nja  in ][A  will 
be the inverse of unit of trial weight employed (such as
11 ,  kgg  and so on). Since, two 
values would be obtained from each complex element iU  in }{U  in which qi ,......,2,1 , 
then, the unit of the first value )( i  may be kgmgm,  or any other unit of mass and radius 
while the second one )( i  will be the unit of angle in radian or degree. Therefore, for iU , 
its i  will contain both  value of correction mass and its radius of application )( ii rm
while its  i  will be the angle at which the correction value should be applied at the 
balancing plane i . Then, the below equation will need to be solved to obtain the 
correction mass and its radius 
                            iii rm                                                                                           (2.19) 
Here, two methods may be used to solve Eq. (2.19) but the first one is better: 
1.) assumed reasonable  ir  and obtain im  
2.) assumed reasonable im   and obtain ir  
It is imperative to know that the assumption of ir  is better to be based on the statement 
made by [36] that the best place where weights can be placed is where they can be 
captured by centrifugal force . 
Similarly, all these can be avoided if the Eq. (2.16) was reformed by omitting  jr  so that 
we have 
  
ji
j
k
no
k
njk
nj
em
WW
a


                                                                    (2.20) 
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and this will make the unit of 
k
nja  in ][A  to be any of the following mkgmg
11 ,   or 
others and the unit of i  in  iU  will be kgg,  or any other unit of mass while that of i  
will remain either radian or degree. So, iim   and ir  equals the jr  used during the trial 
processes. 
The advantages of this method include [6, 36]: 
 It is applicable to both rigid and flexible rotors 
 It is readily computerized and automated 
 For any number of vibration sensors it provides least-squares minimization of 
data.  
 In case of measurement error, data manipulation have been developed for 
compensation 
 It requires less or no insight into the physical bending modes of the rotating 
system  
The disadvantages are [6, 36]: 
 The influence coefficient is rather a mechanical method and is prone to produce 
less than satisfactory results initially if insensitive measurement points or 
correction planes were chosen  
 A large number of runs is needed to be able to obtain rotor sensitivity data at 
highest balancing speed, It must be done on the computer because of the lengthy 
matrix computations 
 It may even diverge temporarily before converging to a smoother running 
condition 
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 It requires large amount of test runs 
 
2.2 Balance Quality and Balancing Trial Weight 
2.2.1 Balance Quality Requirements 
Balancing quality grades provide a guideline for the acceptable residual unbalance 
for different types of rotating machines. Several organizations provide recommended 
balance quality grades standards, which include the following organizations: ASA STD-
1975 (ISO standard 1940/1), MIL-STD-167-1 (1974) and API standards [8, 12, 29]. The 
generally accepted reference for selecting rigid rotor balance quality is the International 
Standard ISO 1940/1. It has been paralleled approved by GERMAN Standards as 
VDI2060, the American National Standards Institute, ANSI, as S2.19-1975 and BRITISH 
Standards as BS 6861 [12].   
Generally, the larger the rotor mass or the slower the rotor speed, the greater the 
unbalance that can be tolerated [8]. The balance quality grades (G) is based on the 
experience of related rotor in different groups shown in Figure 2.9. The various available 
groups are as shown in the Table 2.3. The ISO specification pertains to the whole rotor 
(total of all balance planes). In order to use this standard balance quality, the following 
steps need to be taken [12]:  
1.) The balance quality grade “G number” should be selected from Table 2.3 
2.) Determine the permissible residual specific unbalance value pere  from the Figure 
2.9 for the rotor‟s maximum speed and the selected “G Number” in step 1. 
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TABLE 2.3: Balance Quality Grades for Various Groups of Representative Rigid Rotors 
 
(From ISO 1940/1) [12] 
 
Balance 
Quality 
Grade 
Product of the 
Relationship
)( pere
(1) (2) 
smm /  
Rotor Types-General Examples 
G 4000 4000 Crankshaft/drives
(3) of rigidly mounted slow marine diesel engines with uneven 
   number of cylinders(4) 
G 1600 1600 Crankshaft/drives of rigidly mounted large two-cycle engines 
G 630 630 Crankshaft/drives of rigidly mounted large four-cycle engines 
Crankshaft/drives of elastically mounted marine diesel engines 
G 250 250 Crankshaft/drives of rigidly mounted fast four-cylinder diesel engines
(4) 
G 100 100 Crankshaft/drives of fast diesel engines with six or more cylinders
(4) 
Complete engines (gasoline or diesel) for cars, trucks and locomotives(5) 
G 40 40 Car wheels, wheel rims, wheel sets, drive shafts 
Crankshaft/drives of elastically mounted fast four-cycle engines with six or 
     more cylinders(4) 
Crankshaft/drives of engines of cars, trucks and locomotives 
G 16 16 Drive shafts (propeller shafts, cardan shafts) with special requirements 
Parts of crushing machines 
Parts of agricultural machinery 
Individual components of engines (gasoline or diesel) for cars, trucks and 
     locomotives 
Crankshaft/drives of engines with six or more cylinders under special 
    requirements 
G 6.3 6.3 Parts of plant machines 
Marine main turbine gears (merchant service) 
Centrifuge drums 
Paper machinery rolls; print rolls 
Fans 
Assembled aircraft gas turbine rotors 
Flywheels 
Pump impellers 
Machine-tool and general machinery parts 
Medium and large electric armatures (of electric motors having at least 80mm 
    shaft height) without special requirements 
Small electric armatures, often mass produced, in vibration insensitive  
    applications and/or with vibration-isolating mountings 
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Individual components of engines under special requirements 
G 2.5 2.5 Gas and steam turbines, including marine main turbines (merchant service) 
Rigid turbo-generator rotors 
Computer memory drums and discs 
Turbo-compressors 
Machines-tools  drives 
Medium and large electric armatures with special requirements 
Small electric armatures not qualifying for one or both of the conditions 
     specified for small electric armatures of balance quality grade G 6.3 
G 1 1 Tape recorder and phonograph (gramophone) drives 
Grinding-machine drives 
Small electric armatures with special requirements 
G 0.4 0.4 Spindles, discs and armatures of precision grinders 
Gyroscopes 
 
1) 10/60/2 nn   , if n  is measured in revolutions per minute and  in radians per second. 
2) For allocating the permissible residual unbalance to correction planes, refer to “Allocation of perU  to correction 
     Planes.” 
3) A crankshaft/drive is an assembly which includes a crankshaft, flywheel, clutch, pulley, vibration damper, rotating  
     portion of connecting rod, etc. 
4) For the purposes of this part of ISO 1940/1, slow diesel engines are those with a piston velocity of less than 9m/s;  
    fast diesel engines are those with a piston velocity of greater than 9m/s. 
5) In complete engines, the rotor mass comprises the sum of all masses belonging to the crankshaft/drive described in 
     note 3 above. 
45 
 
 
 FIGURE 2.9: Maximum Permissible Residual Unbalance, pere  (From ISO 1940/1) [12] 
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3.) Multiply rotor weight by the pere  obtained in step 2 to acquire the permissible 
residual unbalance perU . 
4.) Base on the rotor configuration; allocate perU to the balancing correction planes. 
The “G Number” is constant for rotors of the same type and is the product of specific 
unbalance and the angular velocity of the rotor at maximum operating speed, that is [12] 
                        eG                                                                                              (2.21) 
 This is based on the fact that identical rotors geometrically running at the equal speed 
will have similar stresses in the rotor and its bearings. The quality grades are separated by 
a factor 2.5 and to be able to suit special requirements the G numbers of midway value 
may be utilized. 
 
2.2.2 Permissible Residual Unbalance and Trial Weight  
The permissible residual unbalance perU  is a function of G number, maximum 
service speed of rotation and rotor weight. It can be determined as follows [4, 12] 
meU perper                                                                                      (2.22) 
where pere  and m   are permissible residual specific unbalance and rotor mass. 
Also, for flexible rotor, the permitted maximum residual unbalance for a rotor or in a 
correction plane can be obtained from Eq. (2.22). 
However, the use of Figure 2.9 to obtain perU in Eq. (2.22) can be avoided and the 
following equations can be used to obtain perU  [12] 
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)(9549)( kginW
N
W
GmmgU per                                        (2.23) 
G Balance quality grade from Table 2.3, W Rotor weight and N Maximum service 
(RPM). In addition, from some balancing machine manufacturers a slide rule that 
calculates perU  is also available.  
Besides, a trial or test weight is to be added temporarily at each selected 
correction plane of the rotor during the balancing processes to determine the relationship 
between unbalance and vibration. The trial weight tw  for the flexible rotor can also be 
obtained as follow [29]: 
   )(
12700
g
RN
m
w rt


                                                                       (2.24) 
Whereby rm Mass of rotor )(kg , N Maximum operating speed )(rpm  and R radius 
of balancing plane )(mm  
This trial weight should not be too large to the extent that it will cause damage due to 
unnecessary vibration but should be large enough to produce sufficient amplitude change. 
The universal criteria being in used is to select a trial weight that will produce a force of 
10% of the rotor weight [36]. Therefore, the additional dynamic load as a result of trial 
weight due to this criterion will not more than 10% of the static load and this is 
absolutely safe. Although, an additional dynamic load up to 50% is also acceptable for 
short runs. The equation for calculating the trial weight tw  due to 10% criteria for 
flexible rotor is given as [36]: 
)(35.28
56375
2
g
RN
w
w rt 


                                                          (2.25) 
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in which rw Static weight of rotor )(lbf , N Speed of rotor )(rpm  and R Radius of 
trial weight )(in . The above equation is too conservative for rigid rotor, hence, the trial 
weight for rigid rotor can be calculated from the equation and the value obtain can be 
increased until the sufficient change is produced [36]. 
As a general rule, a trial weight should be selected that will cause a 30% change 
in amplitude or a 30-degree shift in the reference mark location. Changes of this 
magnitude will ensure that accurate results are obtained. A common practice used in 
selecting the trial weight, is selecting a mass that will produce a force F equal to 10% of 
the rotor weight on the supporting bearings, then, the resulting imbalance tw  is given by  
  ).(
19.91
2
mkg
N
F
wt

                                                                      (2.26) 
)(%10 N
Nb
w
F r
 
where rw , N and Nb  are weight of rotor, rotor operation speed and number of bearing 
that rotor contained respectively. 
Moreover, since the trial weight needs to be large enough to cause an obvious, 
measurable change (> 25% in amplitude and/or 30° in angle) in the unbalance value, it is 
recommended that a diversity of trial weights be prepared since the actual mass cannot be 
determined in advance. Hence, the mass of the trial weight can also be obtained by using 
the following "rule-of-thumb" if there has been no previous experience with the rotor but 
this should be used with caution and it is not a rigid rule [4, 36] 
)(30 g
R
w
w rt                                                                            (2.27) 
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where Randww rt ,  are mass of trial weight )(g , mass of rotor )(kg and radius of trial 
weight )(mm  respectively. A trial weight greater than the one calculated from the above 
formula may be essential in the case of heavy and slow-running machines while for 
machines with a lower dynamic stiffness or in the case of high-speed machines, a 
considerably smaller trial weight may be enough. 
In order to find out if the trial weight is sufficient or if the mass should be 
changed, the simplest way is to carry out a test run. However, instead of removal by 
drilling or grinding it is simpler for the trial weight and correction weights to be effected 
by the addition of mass to the rotor. Apart from the fact that weight addition is more 
precise, weight removal should only be utilized when weight addition is impossible, e.g. 
for reasons of safety [4]. 
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CHAPTER 3                                      
ROTOR FINITE ELEMENT MODEL FORMULATION 
            In this chapter, the elastodynamic model of the rotor-bearing system with multi-
disk arrangement is presented. The finite element model will be augmented with mass 
unbalance and material damping. This finite element model is required to develop the 
mathematical procedure of the low-speed balancing scheme.        
It always becomes imperative to know quantitatively the natural frequencies, vibration 
modes and response to unbalance excitations in the design of a practical rotor. FEM is 
one of the methods being used for this purpose. FEM is the discretization method of a 
continuous structure. It has been utilized effectively in design and analysis of practical 
rotors with a complex and irregular shapes. The rotor bearing system is divided into three 
components which include shaft, disc and bearing. Each of these divisions need to be 
modeled in order to formulate its equation of motion and the general equations of motion 
will then be acquired from those formulations. 
           The analysis of a continuous rotor is based on the theory of beam lateral 
vibrations. The Bernoulli-Euler beam theory is the most basic in this regard and the 
derivation of the equations of motion of a simple continuous rotor based on this theory. 
These equations represent correctly the motion of slender rotor. However, the effect of 
rotary inertia and shear deformation occur when the wavelength of vibration mode  
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                  (a) Long rotor                                               (b) Single disk rotor 
 
 
            (c) Multi disk rotor 
 
             FIGURE 3.1: Possible Types of Rotor 
 
                      
              FIGURE 3.2: Complex Rotor Shapes [4] 
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relative to the beam thickness becomes small. The Timoshenko beam is the beam model 
that takes these two effects into consideration. Similarly, in rotor analysis these two 
effects will surface in  
addition to gyroscopic moment when the ratio of the diameter to the length increases 
[38].   
       However, in modeling, rotors are often model by circular shaft elements with four 
nodal degrees of freedom. Similarly, the disk can be modeled as either rigid or flexible 
disk [28]. The rotor can be long type, contain one or more disk as shown in the Figure 3.1 
while the examples of more complex shape rotors are as shown in Figure 3.2. 
 
3.1 Elastodynamic Modeling of the Rotor 
The FEM elastodynamic model of the rotor-bearing system presented in this 
chapter is based on the work of Khulief and Mohiuddin [14, 15, 16, 17, 19]. The model is 
extended to account for unbalance, which can be placed at any desired location on the 
rotor. Material damping is also added to this rotor model. 
The basic elements of the rotor, in general, are the shaft, the disk, and the bearings. 
For realistic dynamic analysis of rotors, the following important features need to be 
accounted for in the derived dynamic model: 
 Shear and rotary inertia effects 
 Gyroscopic effects, which couple the rotational motions in two perpendicular 
directions. 
 The variable shaft geometry; e.g. tapered, stepped, solid, as well as hollow shaft 
sections. 
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 Type of bearings; e.g. rigid, isotropic, orthotropic, etc. 
 Internal damping and fluid dynamic effects. 
 In this chapter, the general assumptions are stated, the kinetic and potential 
energies are obtained, and the general equations of motion are derived using the 
Lagrangean approach. The elastic component of the rotor to be analyzed is shown in 
Figure 3.3. The rotor length L is rotating at a speed of ( )t . Two reference frames are 
used to describe the system motion; the first is the fixed reference frame ( )o X Y ZR , 
and the second is a rotating reference frame ( )x y zR . The X-axis and x-axis are 
collinear and coincident with the rotor's centerline. The two reference frames are phased 
out by an angle . In addition, the following assumptions are considered: 
1. The material of the rotor is elastic, homogeneous and isotropic. 
2. Plane cross sections, initially perpendicular to the neutral axis of the rotor, remain 
plane put no longer perpendicular to the neutral axis during bending.   
3. The deflection of the rotor is produced by displacement of points of its centerline. 
4. The axial deformation of the rotor is small and can be neglected. 
5. The shaft is flexible, while disks are treated as rigid. 
 
3.2 Generalized Coordinates 
For completeness, the model derivation will be briefly presented here; thus arriving 
at the final rotor equations with unbalance to be employed in the formulation of the low-
speed balancing scheme.  
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                     FIGURE 3.3: Flexible Rotor Component 
 
 
                       FIGURE 3.4: Cross-Section Rotational Angles [17] 
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The finite element method is used to model the rotor shaft. Let XYZ  be a global 
Cartesian coordinate system with its origin fixed to the undeformed shaft element.  
The )3,2,1( izyx iii  is a local Cartesian coordinate system after the deformation 
of the element. The local coordinate system iii zyx  is related to the global coordinate 
system XYZ  by a set of rotations   ,   and  . To achieve the orientation of any cross-
section of the shaft element, one first rotates it by an angle )(   about the axisX  , 
then by an angle  about the new y-axis (denoted by 1y ), and finally by an angle   about 
the final z-axis (denoted by 2z ), as shown in Figure 3.4. The instantaneous angular 
velocity vector   of the x y z  frame may be expressed as  
11
ˆ)(ˆ)(ˆ)( kjI                                                                  (3.1) 
Where 11
ˆˆ, kandjI  are unit vectors along the 11, zandyI  axes, respectively. The term 
  is the constant angular velocity of the rotary table. Transforming Eq. (3.1) into 
X Y Z  coordinate leads to the following expression:    
           
]ˆ)cos(cosˆ)cos()sin(ˆsin[
]ˆ)sin(ˆ)[cos(ˆ)(
KJI
KJI






 ( 0.2) 
Assuming   and   are so small deformations. Therefore, according to the linear theory 
of elasticity, the following substitutions have been made in equation ( 0.2):  
cos cos 1
sin sinand
 
   
 
 
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Equation (3.2) can be rewritten as: 
     
   
     
   
ˆ ˆ ˆcos sin
ˆ ˆ ˆsin cos
ˆ ˆcos sin
ˆsin cos
y
z y
I J K
I J K
I J
K
       
     
         
     
       
       
        
     
 
(3.3) 
or 
   
   
cos sin
sin cos
x
y
z
    
       
      
   
  
       
        
 
(3.4) 
 
3.3 Kinetic Energy Expression 
Referring to Figure 3.5, consider an arbitrary point p
i
 on the undeformed shaft 
element. With respect to 
iii ZYX  coordinate system, point pi is defined by the vector 0r
. Point p
i
 is then transformed into point p in the deformed state of the element. The 
location of p with respect to 
iii ZYX  coordinate system is given by the vector r . The 
global position of point p is defined by vector pr . 
                
rRrp   
(3.5) 
where R defines the location of the origin of the 
iii ZYX  coordinate system with 
respect to global coordinate system ZYX . The vector r  can be represented as  
                 urr  0    (3.6) 
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FIGURE 3.5: Generalized Coordinate of the Element [17] 
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Therefore, the position vector pr  of point p can be written as  
                0pr R r u      (3.7) 
where u represents the deformation vector of point p
i
. Differentiating pr with respect to 
time yields the velocity of point p as 
                 
[ ]{ }
p
p p
p p
dr
r r
dt
r r


  
 
 (3.8) 
where (·) denotes differentiation with respect to time and the skew symmetric matrix [ ]  
is given by 
       
0
0
0
[ ]
z y
z x
y x
 
 
 

 
 
  
  
 
 
Using the finite element discretization method, the vector u can be written as  
                            { } { }vu u N e          (3.9) 
where { }e  is the vector containing the nodal coordinates and  vN  is the translation shape 
function. There is no change in the magnitude of R  and 0r  when the element deforms. 
Therefore the rate of change of magnitude of the position vector pr  is given by: 
                          { } { } { }p vr u N e   (3.10) 
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Substituting equation (3.10)(3.10) in equation (3.8), we get 
                 
   
 
{ } { }
p
v p
v
p
dr
N e r
dt
e
N
r


 
 
  
 
 
The kinetic energy of the element is obtained by integrating the kinetic energy of the 
infinitesimal volume at point p over the volume V 
                    
 
1
2
1
2
T
p p
V
T
TT v
p vT
pV
dr dr
KE
dt dt
eN
e r N dV
r

 

   
    
   
   
      
  


  
                    
        
        
1
{ } { } { } { }
2
{ } { } { } { }
T TT T
v v v p
V
T TT T
p v p p
e N N e e N r
r N e r r dV
 
  
 
 

 (3.11) 
where   is the mass density of the element. The first term in equation (3.11)(3.11) gives 
the kinetic energy due to translation; the second and third terms are identically zero if 
moments of inertia are calculated with respect to center of mass of the element. The last 
term gives kinetic energy due to rotation that includes gyroscopic moments. To evaluate 
the last term, one can utilize the following expression: 
   














22
22
22
~~
xyzyzx
zyxzyx
xzyxyz
T



  (3.12) 
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Therefore, 
The term:           2 2 2
0
1 1
2 2
l
T T
p p x x y y z z
V
r r dV I I I dx           (3.13) 
Substituting equation (3.12) in equation (3.13)(, we obtain 
     
          
2
0
2 2
{ } { }
cos sin sin cos
l
TT
p p x
V
y z
r r dV I
I I dx
       
           
  
       
 
    (3.14) 
Equation (3.14) can be written in the form 
 
        
   
2 2
0
2 2
0 0
1 1
2 2
1
2
l
T T
p p p p
V
l l
p D
r r dV I dx I dx
I dx I dx
     
     
  
   
 
 
    (3.15) 
or simply 
 
      
 
2
0 0
0 0 0
1 1 1
2 2 2
l l
T T T
p p p p
V
T
l l l
T
p p D
r r dV I dx I dx
I dx I dx I dx
     
 
    
 
 
   
       
   
  
  
            (3.16) 
where 
 andy z D x pI I I I I      
One can express the following variables as: 
 
   
   
   
,
,
,
N e N e
N e N e
N e N e
 
 
 
 
 
 
       
       
       
                (3.17) 
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where 
 N       torsional shape function, ][][  NandN  rotational shape function 
Therefore, equation (3.16) becomes 
          
 
   
   
2
0 0
0 0
0
0
1 1 1
2 2 2
{ }
{ }
1
2
l lT TT T
p p p p
V
l l
TT
p p
l
TT
p
Tl
T
D
r r dV I dx e N I N e dx
I dx e N I N e dx
e N I N e N e dx
N N
e I e dx
N N
 
 
  
 
 
   
 

        
        
           
   
    
   
  
 


   (3.18) 
The term 
0
l
pI dx  gives the inertia coupling between rigid body coordinates and 
elastic coordinates.   
For constant   this term has no contribution to the equation of motion of the rotor.  
Neglecting this term and introducing the following expressions: 
 
 
 
1
0
0
1
0
0
{ }
l
p
l
T
p
l
T
p
l
T
p e
I dx C
I N N dx M
I N N dx G
I N N e N dx M
  
 
  

          
       
           




 
and 
  
0
T
l
D r
N N
I dx M
N N
 
 
   
   
   
  
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Equation (3.18) reduces to 
                
         
2
1 1
1 1 1
2 2 2
1
2
T T T T
p p o
V
T T
e r
r r dV C e M e e G e
e M e e M e
      
 

    (3.19) 
Hence, the kinetic energy of the shaft element given by Equation (3.11) can be written as 
              
         
         
2
1 1
2
1 1
1 1 1
2 2 2
1
2
1 1
2 2
T T T
t o
T T
e r
T T
T e M e C e M e e G e
e M e e M e
e M e C e G e
 
 
   
 
  
      (3.20) 
where   denotes the rigid body rotation and  M  is the augmented mass matrix, as 
given by 
        2t r eM M M M M            (3.21) 
 
3.4 Strain Energy Expression 
Since the axial deformation is neglected, a typical cross-section of the shaft 
located at a distance x from the left end, in a deformed state, is described by the 
translations v(x, t) and w(x, t) in the Y- and Z-directions and small rotations θ(x, t), β(x, t), 
and γ(x, t) about X, j2, and k axes, respectively. The two translations (v, w) consist of a 
contribution (vb, wb) due to bending and a contribution (vs, ws) due to shear deformations.   
These may be written as 
 
( , ) ( , ) ( , )
( , ) ( , ) ( , )
b s
b s
v x t v x t v x t
w x t w x t w x t
 
 
                (3.22) 
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The rotations (β, γ) are related to bending deformations (vb, wb) by the following 
expressions: 
 
( , )
( , )
( , )
( , )
b
b
w x t
x t
x
v x t
x t
x



 




               (3.23) 
The strain energy expression is 
 1
1
2
V
U dV                   (3.24) 
where ε is the strain due to bending, which can be expressed as 
 
2 * 2 *
2 2
b bv wy z
x x

 
  
 
              (3.25) 
Recalling the stress-strain relationship ζ = Eε, one can write the strain energy in the form 
 
2
1
2 2
V V
E E
U dV dV                   (3.26) 
Using Eq. (3.25) into Eq. (3.26), one gets 
 
2
2 * 2 *
1 2 20
2 2
2 * 2 * 2 * 2 *
2 2
2 2 2 2
0
2
2
l
b b
A
l
b b b b
A
E v w
U y z dA dx
x x
v w v w
y z y z dA dx
x x x x
  
   
  
       
      
        
 
 
          (3.27) 
Because of symmetry the integral corresponding to the third term in Eq. (3.27) is zero. 
We have designated the following:  
 
2 2andz y
A A
I y dA I z dA                (3.28) 
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Therefore, the strain energy due to bending is given by 
 
2 2
2 * 2 *
1 2 2
0
2
l
b b
z y
E v w
U I I d x
x x
     
     
      
             (3.29) 
 
The shear strain in X-Z plane is 
 
**
s b
x z
w wv w
v
z x x x
  
   
   
              (3.30) 
Similarly, shear strain in X-Y plane is 
 
**
b
x y
vv
v
x x

 
 
                (3.31) 
Now, the strain energy due to shear deformation is given by 
  2 x y x y x z x z
V
U v v dV                 (3.32) 
The shear stress ηxy corresponding to a given shear force varies over the cross-section.  It 
follows that the corresponding shear strain will also vary over the cross-section.  This 
variation can be accounted for by introducing the shear correction factor κ, which 
depends upon the shape of the cross-section, such that 
 
x y x y x z x zGv and Gv                   (3.33) 
For an isotropic material the shear modulus G is given by 
 
2(1 )
E
G
v


                 (3.34) 
where v is Poisson‟s ratio.  The shear correction factor κ is given for solid circular cross-
section as 
 
6(1 )
7 6
v
v




                     (3.35) 
65 
 
and for hollow circular cross-section by 
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6(1 ) 1
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v v
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              (3.36) 
where   is the ratio of inner radius to the outer radius. Therefore, Eq. (3.32) can be 
expressed in the form 
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Expressing the strain energies as a function of v and w components of displacement in 
R0(XYZ)  using 
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we get 
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            (3.39) 
Since the shaft is symmetric (Iy = Iz = I), the strain energy due to bending becomes 
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Similarly the strain energy due to shear becomes 
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Also, the strain energy due to torsion is given by 
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Therefore, the total strain energy of the rotor shaft is 
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After substituting Eq. (3.22) and Eq. (3.23) into Eq. (3.43), one gets 
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 (3.44) 
Eq. (3.44) can be written in matrix form as 
    
1
[ ]
2
T
U e K e        (3.45) 
where | K | is the augmented stiffness matrix given by 
      e sK K K K                    (3.46) 
where  [Ke] = elastic stiffness matrix, [Ks] = shear stiffness matrix, and  
[Kθ] = torsional stiffness matrix 
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3.5 Equation of Motion of the Shaft Element 
The equation of motion of the element can be derived using Lagrange's equation, 
which can be mathematically written as 
 
d L L
Q
d t q q
  
  
  
                (3.47) 
where 
 L = T – U  = Lagrangean function, q = generalized coordinates and Q = vector of 
generalized forces 
Substituting L in the above equation, the equations of motion are obtained as 
 
1C Q                   (3.48) 
where C1 is as defined in Eq. (3.19) and 
        1 1TM e G G e K e Q                (3.49) 
Denoting 
      1 1
T
G G G   
Then, Eq. (3.49) becomes 
        M e G e K Q                 (3.50) 
where  [M] = augmented mass matrix, [G] = gyroscopic matrix and 
  [K] = augmented stiffness matrix 
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3.6 The Finite Element Formulation 
The rotor configuration can be defined by a properly generated mesh of finite 
shaft elements.  The disk and bearing properties are added at respective nodes.  In this 
formulation the general shaft element is considered as linearly tapered.  
A straight shaft element would be a special case of the tapered one, yet allowing for 
modeling the tapered segments of any rotor.  A linearly tapered shaft element of circular 
cross-section has its radius varying linearly with length, so that area and moment of 
inertia are second and fourth order functions of axial position, respectively.  Combination 
of unequal shaft elements are permitted by the model developed in this study.  The 
element consists of two nodes and each node has five degrees of freedom; two transverse 
displacements (v, w), two bending rotations (β, γ) and a torsional rotation (θ). 
A typical axial cross-section of a linearly tapered finite element is shown in 
Figure 3.6. It is assumed that the cross-sectional properties in a given element are 
continuous functions of axial position. It is also assumed that the element cross-section 
has two planes of symmetry X-Z and X-Y. 
Each end of the element is associated with an inner and outer radius, denoted by r 
and R, with the subscripts k and j referring to the left end (x = 0) and right end (x = l) of 
the element, respectively.  Defining a non-dimensional position coordinate ξ equal to the 
ratio x/l, the inner and outer radii may be expressed as 
 
(1 )
(1 )
k j
k j
r r r
R R R
 
 
  
  
                 (3.51) 
Representing the ratios of inner and outer radii on each end as ρ and α, which are equal to 
and ,j k j kr r R R  respectively, allows Eq. (3.51) to be rewritten as 
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   FIGURE 3.6: The Tapered Shaft Element [16] 
 
 
                                    FIGURE 3.7: Mass Unbalance 
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Using Eq. (3.52) in the cross-sectional area expression results in the following second 
order polynomial expression: 
  2 2 21 21kA R r A                          (3.53) 
where the following coefficients are introduced: 
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Similarly for cross-sectional inertia, the use of Eq. (3.52) results in a fourth order 
polynomial expression 
  4 4 2 3 41 2 3 44 1kI R r I                              (3.54) 
where the coefficients are given by 
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The translational deformation of an arbitrary point internal to the element can be 
represented as 
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The rotation of a typical cross-section of the element is represented by 
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The torsional displacement of a typical cross-section of the element is approximated by 
     
1 2
( , ) 0 0 0 0 0 0 0 0 ( ) ( ) ( )x t N N e t N x e t          
            (3.57) 
The individual shape functions 
iv
N  where ;4,3,2,1i  represent static displacement modes 
associated with unit displacement of one of the end point coordinates with all other 
coordinates constrained to zero.  
i
N  where ;4,3,2,1i  represent static rotation shape 
functions associated with unit displacements of one of the endpoint coordinates with all 
other coordinates constrained to zero.  
i
N  where ;2,1i  represent static torsion shape 
functions associated with unit displacement of one of the endpoint coordinate with all 
other coordinates constrained to zero. The individual shape functions are as 
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where 
 
x
l
                      (3.59) 
and 
 
2
12 E I
AGl
                   (3.60) 
The parameter Φ is known as the shear deformation parameter (the ratio between bending 
stiffness and shear stiffness), E is the modulus of elasticity, I is the second moment of the 
cross-sectional area, A is the cross-sectional area of the shaft element, G is the shear 
modulus, l is the element length, and κ is the shear correction factor depending on the 
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shape of the cross-section.  The shear correction factor κ is given by Eq. (3.35) and Eq. 
(3.36). 
 
3.6.1 The Rotor Shaft 
The strain energy expression of a rotating tapered shaft element of length l, in the 
matrix form is given by 
 
1
( ) { } [ ]{ }
2
TU e K e                (3.61) 
The matrix [K] is the augmented stiffness matrix given by 
    [ ] e sK K K K                     (3.62) 
where 
 matrixstiffnessElasticdxBEIBK e
t
T
ee   ][][][
0
                                  (3.63) 
matrixstiffnessSheardxBkGABK s
t
T
ss   ][][][
0
                              (3.64) 
matrixstiffnessTorsionaldxBGJBK
t
T   ][][][
0
                       (3.65) 
The curvature k  and the shear strain xyv within the element are expressed as 
  { }eB e
x



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
                (3.66) 
  { }x y s
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v B e
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               (3.67) 
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where 
 B N
x
 

      
                (3.68) 
  eB N
x


   
               (3.69) 
    s vB N N
x


    
               (3.70) 
Carrying out the integration of Eq. (3.16), the elastic stiffness matrix [Ke] is obtained with 
nonzero entries as presented in [14]. The explicit expression for the element shear 
stiffness matrix [Ks] is obtained by carrying out the integration of Eq. (3.17).  The shear 
stiffness matrix [Ks] is obtained with nonzero entries as presented in [14]. Similarly, the 
torsional stiffness matrix [Kθ] is established by evaluating the integral of Eq. (3.18).  The 
nonzero entries of torsional stiffness matrix [Kθ] are presented in [14].  
The kinetic energy of a rotating tapered shaft element of length l in matrix form is 
given by 
         21 1
1 1
[ ]
2 2
T T
T e M e C e G e                (3.71) 
The matrix [M] is the composite mass matrix given by 
      [ ] 2t r eM M M M M                   (3.72) 
This is known as the consistent mass matrix because it is formulated from the same shape 
functions  , , andvN N N         that are used to formulate the stiffness matrix.  The 
matrix [Me] gives the coupling between torsional and transverse vibration and is time 
dependent.  It is neglected for eigenvalue analysis as eigenvalue is system inherent 
property and is independent of time.  The components of the mass matrix are 
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      
0
l
T
t v vM N A N d x   translational mass matrix           (3.73) 
  
0
l
T
r DM N I N d x         rotary inertia mass matrix           (3.74) 
 
0
l
T
pM N I N d x               torsional mass matrix           (3.75) 
The explicit expressions for the element translational mass matrix [Mt], the rotary inertia 
mass matrix [Mr] and the element torsional mass matrix [Mθ] are obtained by carrying out 
the integration of Eqs (3.40), (3.41), and (3.42), respectively.  The nonzero entries of 
[Mt], [Mr], and [Mθ] are presented in [14], in that order. 
The gyroscopic matrix [G] is given by 
    1 1[ ]
T
G G G                  (3.76) 
where constant rotating speed [G1] can be calculated by 
  1
0
l
T
pG N I N d x                         (3.77) 
The explicit expressions for the elemental gyroscopic mass matrix [G] are obtained by 
integrating Eq. (3.77), and then substituting it into Eq. (3.76).  The nonzero entries of [G] 
are presented in [14]. 
 
3.6.2 The Material Damping 
The material damping of the rotor shaft can be accommodated. The effects of 
hysteretic and viscous forms of internal damping for a cylindrical element can be 
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included by assuming a constitutive relationship between axial stress and the axial strain 
in the form 
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     (3.78)  
where x  is the axial stress, x  is the axial strain, x  is the time rate of change of the 
axial strain and E is the modulus of elasticity. v  and h  denote the viscous damping 
factor and  the loss factor due to hysteretic damping for the rotating shaft material, 
respectively. 
After expressing the potential energy and the dissipation function in terms of the 
bending stiffness matrix, and accounting for shear and torsional deformations, the final 
form of the potential energy is given by 
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    (3.79) 
 
where  Rotational speed and the dissipation function for the shaft finite element is 
given by  
   
1
{ } { }
2
T
vD e K e        (3.80) 
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3.6.3 The Disk 
The disk is assumed to be rigid and is solely characterized by its kinetic energy.  
The expression for kinetic energy of the disk can be derived using the procedure followed 
for the shaft element.  Let v and w designate the coordinates of the center of mass „O‟ of 
the disk in X
  i
, Y
  i
, Z
  i
 coordinate system.  The disk deforms in the y – z plane. 
The expression for the kinetic energy of the disk can be derived as 
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         (3.81) 
Similar to Eq. (3.20), Eq. (3.81) can be written in matrix form as 
        2 1
1 1
2 2
T T
d d d d d d d
pT e M e I e G e                     (3.82) 
where {e
d
} is the vector containing the nodal coordinates of the disk and 
 2d d d d dt r eM M M M M                                  (3.83) 
The constituent matrices of Eq. (3.83) are 
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   
   
     
         (3.84) 
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   
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             
   
     
          (3.85) 
and 
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1
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d d
p
G I
 
 
 
    
 
 
  
               (3.86) 
Applying Lagrange's equation, the equation of motion of the rigid disk is derived as 
    d d d d dM e G e Q                      (3.87) 
where Q
 d
 is the generalized force for the disk and  1 1
T
d d dG G G             
 
3.6.4 The Bearings 
The stiffness and damping terms are assumed to be known.  The virtual work δW 
of the forces acting on the shaft can be written as 
 
y y y z z z z y
y y y z z z z y
W K v v K w v K w w K v w
C v v C w v C w w C v w
    
   
    
   
           (3.88) 
 v wW F v F w                   (3.89) 
where Fv and Fw are the components of the generalized force.  In matrix form Eqs (3.88) 
and (3.89) can be written as 
 
y y y z y y y zv
z y z z z y z zw
K K C CF v v
K K C CF w w
        
          
        
           (3.90) 
Similarly, Eq. (3.90) can be expressed in matrix form as 
      b b b b bC e K e Q                      (3.91) 
where 
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 and
y y y z y y y zb b
z y z z z y z z
K K C C
K C
K K C C
   
          
   
           (3.92) 
           }{ bQ  Generalized force for the bearing 
 
3.7 Mass Unbalance 
The influences of numerous mass unbalances that are acting concurrently were 
considered here. For the mass unbalance located at 0t  at an angular position   with 
respect to axisY   (Figure 3.7), the unbalance force can be described as in [22] at node j  
as 
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Hence, Eq. (3.93) can be expressed further as 
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where um  and r are the unbalance mass and eccentricity (the distance of unbalance from 
the geometry centre of the shaft).  
Hence, the  
dQ  in Eq. (3.87) will become equal to the uQ  in Eq. (3.95) when the disk 
contained unbalance force. 
 
3.8 The Eigenvalue Formulation 
Now, the equation of motion of a rotor bearing system can be written in the 
assembled general form as [34] 
}{}]{[}]{[}]{[ QeKeCeM                                                                   (3.98) 
This is an augmented equation of motion of the rotor bearing system that will be utilized 
in formulation the low-speed balancing scheme. For modal analysis, the free vibrational 
equation of motion of a rotor bearing system in Eq. (3.98) will then be 
    [ ] [ ] [ ] { } {0}M e C e K e                (3.99) 
with 
 [ ] e dM M M         
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 
 
                 
 
where 
 eM     inertial matrix of the shaft, 
dM     inertial matrix of the disk, 
 eG     gyroscopic matrix of the shaft, 
dG     gyroscopic matrix of the disk, 
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 bC     damping matrix of the bearing, 
eK     stiffness matrix of the shaft, 
 bK     stiffness matrix of the bearing, { }e   nodal deformation vector, 
             }{Q  Vector of generalized forces 
These constituent matrices are highly banded in nature.  The matrix [M ] is symmetric, 
whereas [ ] and [ ]
e dG G  are skew-symmetric.  The matrix [K ] is symmetric when the 
bearings are rigid or when they have stiffness coefficients in the principal directions.  The 
matrix [C] is skew symmetric only when the bearing is undamped 
( 0).y y z z y z z yC C C C      If the bearings are damped, the matrix [C] is a non-
symmetric real matrix. 
The solution of Eq. (3.99) may be obtained by representing it in the following 
state space form: 
 
 
 
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0
[ ] [ ] [0] [ ]
e eM M
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         
           (3.100) 
Or, simply as 
    [ ] [ ] {0}E y F y                 (3.101) 
in which 
 
{ }
e
v
e
 
  
 
                 (3.102) 
The matrices [E] and [F] are highly banded.  If the bearing is undamped then the matrix 
[E] is skew-symmetric.  The matrix [F] is symmetric when the bearings are isotropic with 
(Ky z = Kz y = 0).  If the bearings are damped or orthotropic or both then nothing can be 
said about the symmetry or skew-symmetry of the matrices [E ] and [F ].  Thus, the type 
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of bearings used in the rotor-bearing system play an important role in selecting a 
numerical strategy to solve the equation of motion. 
 
3.9 Mode shape and Natural Frequency 
The natural frequencies, mode shapes and other characteristics of the rotor 
bearing system can be obtained from the solution of Eq. (3.98) and this equation can be 
solved analytically or numerically.  
          Caughey and O‟Kelly [5] in their work made it know that the undamped linear 
dynamic systems possess normal modes (classical normal modes) and in each normal 
mode the different parts of the system pass through their maximum or minimum positions 
at the same time. Generally, regarding damped systems, in a normal mode of oscillation 
the various parts of the system do not pass through their maximum or minimum position 
at the same time. Hence, they concluded that: 
1.) The damped natural frequency of the highest mode is often less than or equal to 
the undamped frequency in a linear dynamic system with weak damping, 
regardless of what form of damping matrix is utilized. 
2.) The damped natural frequency of the lowest mode may be higher than the 
corresponding undamped frequency, depending on the selection of damping 
matrix and the mode separation. 
3.) The damped natural frequencies are always less than or equal to the 
corresponding undamped frequencies in a system with classical normal modes. 
Similarly, Swanson et al. [32] stated in their work, that when the shaft is not 
rotating the structural modes are planar but they become circular when the shaft starts 
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rotating, and split into forward and backward modes. As the speed increases the forward 
modes increase in frequency while the backward modes decrease in frequency. The 
distribution of mass and diametral mass moment of inertia and the shape of the 
corresponding mode shape will determine how much the mode changes. There is a 
critical speed every time the rotor speed passes through with a forward whirling damped 
natural frequency unless the bearings have high damping. However, the modes have 
mixed forwards and backwards motion in some cases. They made it clear that several real 
machines do not have equaled bearing/mount stiffness in all directions. The support 
structure is normally asymmetric in case of rolling element bearings whereas both the 
support and the bearing can be asymmetric fluid-film bearings. As a result of these, there 
are three main effects [32]: 
1.) Firstly, there will be additional frequency separation between the pairs of modes 
as shown in the Figure 3.8 
2.) In the second, the orbits traced out by points on the rotor will not be circular again 
but become elliptical (Figure 3.9). The picture remains much the same if 
otherwise. This second effect applies to fluid-film bearings. Their stiffness and 
damping characteristics are strong function of shaft speed. In addition, the fluid-
film bearings have cross-coupling between the vertical and horizontal axes. In the 
vertical axis a force will produce a displacement in the horizontal axis and vice-
versa. 
Hence, the neat generalization that forward whirl increases with speed and 
backward whirl decreases with speed is likely to be changed for these bearings. It 
is possible for a forward mode to really appear to decrease with speed, and/or a  
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          FIGURE 3.8: Campbell Diagram [9] 
 
 
 
     FIGURE 3.9: Non-Circular (Elliptical) Modes with Asymmetric Bearing Stiffness [9] 
 
 
 
 
85 
 
backward mode increase with speed depending on the rotor and bearing 
characteristics and how the bearing change with speed. 
3.) Since rotating machinery is hardly ever proportionally damped and the modes are 
usually complex rather than real, the phase angle between various points on the 
shaft is often not 0° or 180°, as is commonly seen in lightly damped structural 
modes. 
Besides, the gyroscopic moment increases a forward critical speed but decreases 
the backward critical speed. This divides the critical speed into two values. Nevertheless, 
the effect of gyroscopic moment will not become visible considerably in slender uniform 
shaft with no disk and natural frequency does not change very much. Also, the tensions 
raises the critical speeds while the compression lowers them in case of axial force [38]. 
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CHAPTER 4 
ROTORDYNAMIC ANALYSIS USING ANSYS 
Rotordynamics is described as the study of vibrational behavior in axially 
symmetric rotating structures [31]. Characteristic inertia effects are being developed by 
engines, motors, disk drives and turbines and this effect can be analyzed to decrease the 
possibility of failure and improve the design. Such as in a gas turbine engine, at higher 
rotational speeds, the inertia effects of the rotating parts must be constantly represented in 
order to precisely envisage the rotor behavior.  
The gyroscopic moment initiated by the precession motion of the vibrating rotor 
as it spins is a vital part of the inertia effects. The gyroscopic moment acting on the rotor 
becomes seriously significant as spin velocity increases.  At the design level, failure to 
account for these effects can lead to bearing and/or support structure damage [31]. In a 
situation whereby there is either an overhung rotor (so that any force causes a substantial 
slope of the shaft at the rotor) or where the rotor is operating at high speeds, the 
gyroscopic effects tend to be mainly important [9]. An important factor in enhancing the 
stability of a vibrating rotor include accounting for bearing stiffness and support structure 
flexibility, and then understanding the resulting damping behavior. 
The rotordynamic features such as gyroscopic effects and bearing support 
flexibility can be integrated into the standard Finite Element Analysis (FEA) modal, 
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harmonic and transient analysis procedures found in ANSYS. When this is done, one can 
analyze and determine the design integrity of rotating equipment [31]. 
Similarly, the result obtained from ANSYS can be processed further to find out the 
critical parameters. The rotor critical speed and its stability can be determined by using 
the Campbell plots. The rotor‟s forward and backward whirl can be envisaged in such a 
way the critical factors and the areas of concern can be established. 
Hence, the balancing of flexible rotors at low speed that this work is all about was 
simulated in ANSYS 12.1 and in this chapter those necessary areas that needed for a 
successful simulation were discussed.  
 
4.1 Rotor Reference Frame and Bearing in ANSYS 
  ANSYS has two types of reference frame: rotating and stationary frames (shown 
in the Figure 4.1). Inertial forces and moments are observed when a structure is rotating. 
In order to express these quantities correctly, either a stationary reference frame: global 
Cartesian ( OZXY ) or a rotating reference frame that is attached to the structure (
YXZO  ) can be chosen. The rotating frame applies the Coriolis effect to the following 
structural element types: BEAM188, BEAM189, MASS21, SHELL181, PLANE182, 
PLANE183, SOLID185, SOLID186 and others. Both Coriolis and spin softening effect 
contribute to the gyroscopic in a rotating reference frame. ANSYS applies spin-softening 
by default for dynamic analyses but it can be deactivated. Rotating frame of reference is 
primarily applicable in the field of flexible body dynamics generally where the structure 
has no stationary parts and the whole structure is rotating. Hence, only Coriolis force will 
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be considered for this kind of analyses. It should be noted here that in the dynamics 
equations expressed in a rotating reference frame, gyroscopic effect will not be added. 
The results that are going to be acquired in the rotating reference frame may not compare 
well with stationary reference frame results if the structure contains a part with large 
inertia (for instance, large disk) [2, 21]. The displacement field will be computed by 
ANSYS with respect to the coordinate system attached to the structure and rotating with 
it at specified angular velocity. In rotating structure analysis, the following analysis types 
support the use of rotating reference frame: Static, Modal, Transient and Harmonic. 
          The gyroscopic damping matrix will be activated when the stationary reference 
frame is adopted in the following structural elements: BEAM4, BEAM188, BEAM189, 
MASS21, SOLID272, SOLID273, PIPE16, PIPE288, SHELL63, SHELL181 and others.  
Although, the gyroscopic damping matrix generated is valid only for a linear analysis. In 
addition, in stationary reference frame, the rotating structure must be axisymetric about 
the axis of rotation [2, 21]. ANSYS computes the displacement field with respect to the 
global coordinate system in this type of the frame. The areas primarily where stationary 
frame of reference is applicable is in the field of rotordynamic where a rotor (rotating 
structure) is modeled along with a stationary support structure. The example of such 
application includes gas turbine engine rotor-stator assembly or an electric turbo 
generator, where the rotor spins inside a specially designed housing. Also, in rotating 
structure analysis the following analysis types support the use of stationary reference 
frame: Modal, Transient and Harmonic except Static. 
          However, ANSYS recommended that the modal analysis of rotor should be done in 
stationary reference frame. The CORIOLIS command is used for analyzing in either a 
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rotating or a stationary reference frame but performs differently according to the 
designated RefFrame value which can be either OFF or ON. If RefFrame = OFF the 
frame under consideration is rotating reference frame and vice versa. Hence, all the 
simulations carried out to achieve the objectives of this work were done in stationary 
reference frame. 
 
 
      FIGURE 4.1: Reference Frame (Rotating and Stationary) 
 
Furthermore, all the equations dealt with regarding the rotor bearing system in 
Chapter 3 that finally lead to the equation of motion were taking care in the ANSYS and 
the dynamic equation incorporating the effect of rotation. The matrix ][G  in the equation 
of motion is a damping matrix contribution due to the rotation of the structure. Usually, 
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in a rotating reference frame ][G  is called Coriolis matrix and gyroscopic matrix in a 
stationary reference frame. Coriolis forces and damping matrices are available for the 
elements listed under the rotating reference frame in the section 4.1 above or in the 
CORIOLIS command documentation. Nevertheless, the effect of spin softening modifies 
the apparent rigidity of the structure in both Coriolis matrix for dynamic analysis and a 
Coriolis force for quasi-static analyses [2]. 
 Similarly, in the stationary reference frame, gyroscopic matrix is provided. If a 
structure is spinning around an axis say , then a reaction moment will appear if a 
rotation about an axis perpendicular to   was applied to the structure. This moment is 
referred to as gyroscopic moment. Its axis is perpendicular to both the spinning axis  
and the applied rotation axis. Hence, gyroscopic effect is the coupling rotational degrees 
of freedom which are perpendicular to the spinning axis.  
If the spinning axis was considered to be along Z, then 
 The spinning velocity (input using the OMEGA or CMOMEGA commands) is  
zz 
  
 The displacements perpendicular to the spin axis are yu and xu  
 The corresponding rotations are y and x , and the angular velocities are y
  and 
x
  
The gyroscopic finite element matrix is calculated from the kinetic energy due to the 
inertia forces. The kinetic energy for lumped mass and beam element is detailed in 
kinetic energy for the gyroscopic matrix calculation of lumped mass and legacy beam 
element. However, both mass and beam are supposed to be axisymmetric around the 

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spinning axis. Regarding lumped mass, the spinning axis is along one of the principal 
axis of inertia whereas for the beam it is along the length. 
Moreover, the beam element is considered as an infinite number of lumped 
masses then, the gyroscopic kinetic energy of the element can be acquired by integrating 
the gyroscopic matrix for lump mass along the length of the beam. Gyroscopic matrix is 
deduced from the element shape functions. However, the gyroscopic matrices are 
available for the elements listed under stationary reference frame in the section 4.1 or in 
the CORIOLIS command documentation. 
The rotating damping matrix ][B  in a stationary reference frame is a non-symmetric 
matrix that will modify the apparent stiffness of the structure. Regarding the elements 
that generate a gyroscopic matrix, the rotating damping matrices are available for them. 
Besides, in ANSYS, bearings are usually represented by a single MATRIX27 or 
multiple COMBIN14 but due to the invention of COMBIN214 element, the radial 
stiffness and damping in vertical, horizontal planes and cross coupled terms can be 
specified by a single element. The bearing damping and stiffness can be a function of 
rotor speed, that is )(ff CC   and )(ff KK  . 
In this work, both COMBIN14 and COMBIN214 elements were used separately 
on a rotor and when their results were compared, they gave the same results. So, the two 
were used on different occasions. 
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4.2 Rotating Structures Modeling in ANSYS 
The lumped mass approach has being used traditionally to model rotating 
structures. This approach utilizes the centre of mass to compute the effects of rotation on 
attached or proximal components. Regarding this approach, its main restraint is the 
inaccurate approximation of both the location and the distribution of the mass and 
inertias, along with the resulting imprecision in the calculation of internal forces and 
stresses in the components themselves. The finite element (FE) method used in ANSYS 
offers a pretty approach to modeling a rotordynamic system. Despite the fact that it may 
require more computational resources compared to standard analyses, it has the following 
advantages [31]: 
 A large range of elements supporting gyroscopic effects 
 The ability of solid element meshes to account for the flexibility of the disk as 
well as the possible coupling between disk and shaft vibrations. 
 Perfect modeling of the mass and inertia 
 The use of the CAD geometry when meshing in solid elements 
 The ability to include stationary parts within the full model or as substructures. 
Moreover, in general, a rotating structure consists of stationary parts, rotating 
parts, and bearings which link the rotating parts to the stationary parts and/or the ground. 
When the model is constructed to separate and define these parts, the understanding of 
the relationships between them always becomes easier. 
All rotating parts must be axisymmetric. The elements that are going to be used for the 
rotating parts of the model must support gyroscopic effects such as those listed in the 
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section 4.1 or they can be obtained from CORIOLIS command documentation where 
those elements for which the gyroscopic matrix is available are listed. 
When bearings are to be modeled, either a spring/damper element COMBIN14, a general 
stiffness/damping matrix MATRIX27, a bearing element COMBI214, or a multipoint 
constraint element MPC184 can be used.  
In rotordynamic analysis, there is no different in defining material properties from the 
way it is being done in any other analysis.  
The OMEGA or CMOMEGA command is needed to be used to define the rotational 
velocity. In a situation where by there are stationary parts and/or several rotating parts 
having different rotational velocities, CMOMEGA command is required otherwise 
OMEGA command should be used. In order to take into account the gyroscopic effect in 
all rotating parts as well as the rotating damping effect, the CORIOLIS command should 
be used. The ANSYS meshing commands is required to mesh the parts and some areas 
may need more detailed meshing and/or specialized considerations. 
The solution phase of a rotordynamic analysis sticks to standard ANSYS 
conventions and it should be remembered that the gyroscopic matrices (as well as 
perhaps the bearing matrices) may not be symmetric. In this phase, modal, harmonic and 
transient analyses can be performed. If numerous modal analyses were performed, it 
allows one to review the stability and acquire critical speeds from the Campbell 
diagrams. The harmonic analysis permits one to calculate the response to synchronous 
(for example, unbalance) or asynchronous excitations [31]. Also, the transient analysis 
allows one to study the response of the structure under transient loads (for example, a 1G 
shock) or analyze the startup or stop effects on a rotating spool and the related 
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components. In addition, in a typical rotordynamic analysis, prestress can be a significant 
factor, so, it can be included in the modal, transient, or harmonic analysis.  
Besides, when results are to be reviewed, the general postprocessor (POST1) and 
the time-history postprocessor (POST26) should be used. In higher version of ANSYS 
12, specific commands are available in POST1 for Campbell diagram analysis 
(PLCAMP, PRCAMP), animation of the response (ANHARM) and orbits visualization 
and printout (PLORB, PRORB). In other version up to ANSYS 12.0, these commands 
are not available in POST1, they need to be invoked. Unfortunately, the ANSYS 12.1 
used for this work did not contain these specific commands in POST1 all the commands 
employed were invoked when the needs arose. 
 
4.3 ANSYS Modal Analysis 
Modal analysis is a method that can be used to determine the vibration 
characteristics (natural frequencies and mode shapes) of a structure or machine 
component while design is going on. It also acts as a gate way for more detailed analyses 
such as harmonic response, transient dynamic and spectrum analyses [3].  Natural 
frequencies and mode shapes are important parameters in system design for dynamic 
loading conditions. During the modal analysis any nonlinearity which include plasticity 
and contact (gap) elements are neglected if existed in the system being analysed. ANSYS 
has quite a number of mode extraction/eigensolver methods from which the one that 
matched the system under consideration will be chosen. The available mode extraction 
methods or eigensolvers include Block Lancoz (default), PCG Lancoz, Reduced, 
Unsymmetric, Damped, QR Damped and Supernode. 
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 The Damped and QR damped allow the damping to be added to the system model. All 
mode extraction methods can be used for most applications except Unsymmetric, 
Damped and QR Damped that were made for special applications [3].  
QR Damped is faster and achieves better calculation efficiency than Damped method. In 
modal coordinate, the QR Damped uses reduced modal damped matrix to calculate 
complex damped frequencies. In rotordynamic analysis, both Damped and QR Damped 
eigensolvers are pertinent but before the selection of any of them, the following should be 
considered [31]: 
 if further analyses such as harmonic, transient or modal superposition analysis is 
to be performed, it is advisable to use QR Damped because Damp eigensolver 
does not support modal superposition methods. 
 The QR Damped eigensolver solves a reduced system of equation while Damp 
eigensolver solves the full system equation. QR Damped is more efficient than the 
Damp eigensolver computationally and it is limited to the cases where damping 
(viscous, material, etc) is not critical. 
Hence, Damp eigensolver is proposed when solid elements are utilized for the rotating 
part of the structure and rotating damping is included. 
When QR Damped is used to solve the problem, the results to be listed will 
consist of many parts, the three important parts include: mode number, complex 
frequency (Hz) and the natural frequency (Hz). The real part of complex frequency shows 
the damping of a particular frequency as well as its stability. The negative real part 
indicates the mode is stable otherwise it is not. The complex part of the complex 
frequency represents the damped frequency. Damping ratio is the ratio between the real 
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part and the complex frequency modulus (also referred to as norm of the complex 
frequency).  
It is imperative to know that the gyroscopic effect will creates damping matrix but 
it does not dissipate energy if there is no damping in a rotating structure and all the real 
parts of its complex frequencies will be zeros. Similarly, if the damping is so significant 
that it represses the frequency or if the complex frequency corresponds to a rigid body 
mode, the complex part will be zero. 
 
4.4 ANSYS Harmonic Response Analysis 
The harmonic response analysis gives the capability to envisage the sustained 
dynamic behavior of the systems and will allow the investigator to know if the designs or 
systems will effectively overcome fatigue, resonance and other dangerous effects of 
forced vibrations [3]. The harmonic response analysis is also a method that can be 
utilized to determine the steady-state response of a linear structure to loads that varying 
sinusoidally (harmonically) with time. The aim of harmonic analysis is to compute the 
system‟s response at numerous frequencies and acquire a graph of some response 
quantity (displacements) versus frequency which can then be used for further analyses. 
Harmonic analysis will compute the steady state forced vibration only while the transient 
vibrations that usually occur at earlier time of excitation will be neglected. 
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4.4.1 Applying Loads on the Model 
By definition, harmonic analysis presumes that any applied load varies 
harmonically (sinusoidally) with time. The amplitude, the phase angle, and the forcing 
frequency range are the three pieces of information that generally needed as shown in the 
Figure 4.2 in order to fully specify the harmonic load. The amplitude is the maximum 
value of the load, which needs to be specified through the commands. The phase angle is 
a measure of the time by which the load lags (or leads) a frame of reference. It is the 
angle measured from the real axis on the complex plane shown in Figure 4.2. The only 
situation in which the phase angle is needed is if there were multiple loads that are out of 
phase with each other. The real and imaginary components of the out-of-phase loads 
should be specified using the VALUE and VALUE2 fields of the appropriate displacement 
and force commands since phase angle cannot be specified directly. Figure 4.2 shows 
how to calculate the real and imaginary components. Pressures and other surface and 
body loads can only be specified with a phase angle of 0
o 
(no imaginary component) with 
the following exceptions: nonzero imaginary components of pressures can be applied 
using the SURF153 and SURF154 elements in a full harmonic response analysis, or using 
a mode superposition harmonic response analysis if the mode-extraction method is Block 
Lanczos, PCG Lanczos, or Supernode commands.  
The forcing frequency range is the frequency range of the harmonic load (in cycles/time). 
It is specified afterwards as a load step option with the HARFQ command. 
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FIGURE 4.2: Relationship between Real/Imaginary Components and Amplitude/Phase 
Angle [2, 3] 
 
 
      FIGURE 4.3: Unbalance Forces  
 
      TABLE 4.1: The Forces in Y and Z Directions 
Force Real (VALUE) Imaginary (VALUE2) 
FY cos0F  sin0F  
FZ sin0F  cos0F  
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4.4.2 Harmonic Analysis due to Unbalance or General 
Rotating Asynchronous Forces  
Some forces may rotate synchronously (for example, unbalance) or 
asynchronously with the structure. In such cases, the SYNCHRO command is use to 
update the amplitude of the rotational velocity vector with the frequency of excitation at 
each frequency step of the harmonic analysis. Forces are defined as static (F) based on 
the Figure 4.3 as shown in the Table 4.1 where X is the assumed spin axis. 0F  is the 
amplitude of the force. In case of unbalance, the amplitude is equal to the mass times the 
distance (radius) of the unbalance mass to the spin axis. That is [2, 31]; 
mrF 0  
  is the phase of the force, needed only when several such forces, each with a different 
relative phase, are defined. If the forces are caused by an unbalance mass, multiplication 
of the amplitude of the static forces (F) by the square of the spin velocity is unnecessary. 
ANSYS performs the calculation automatically at each frequency step [2]. 
 
4.5 Bode, Nyquist and Orbit Plots 
There are numerous ways of showing frequency response data and these including 
Bode plots (amplitude-phase plots) and Nyquist plots (polar plots). The Bode plot made 
up of two parts which include the amplitude versus frequency and the phase versus 
frequency. This plot can be made for different section or node along the rotor through the 
POST26 command from harmonic response analyses. 
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Similarly, Nyquist Plot is also a way of displaying frequency responses of linear 
systems. It shows both amplitude and phase angle on a single plot, using frequency as a 
parameter in the plot.  The plots have properties that permit one to see whether a system 
is stable or unstable and it will take some mathematical development to see that, but it is 
the most useful property of Nyquist plots. In order to create a Nyquist plot, the imaginary 
part will be on the vertical axis of a plot while the real part will be on the horizontal axis. 
Besides, the steady state trajectory of a node positioned on the spin axis is called 
orbit which is an ellipse. Elliptical orbit is applicable only to the nodes on the rotational 
velocity axis. After modal or harmonic analysis, the characteristics of the orbits can be 
printed out [31]. The orbit can be acquired for a particular damped frequency after a 
complex modal analysis or for a specific excitation frequency after harmonic analysis. 
The orbit plot can be made at different speed through POST1 command. The orbit plot 
command applies only to some elements like BEAM4, BEAM188, BEAM189, PIPE16, 
PIPE288, PIPE265, REINF264 and REINF265 [2]. The command will not work when 
the system is stationary that is, if its operation speed is zero. 
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CHAPTER 5  
METHODOLOGY OF LOW-SPEED BALANCING OF 
FLEXIBLE ROTORS 
The methodology developed for low-speed balancing of high-speed flexible rotors 
is based on a revised hypotheses as that postulated by Tan and Wang [33]. The developed 
methodology accounts for the rotor‟s rotary inertia, gyroscopic and shear effects, which 
were not considered by the Euler-Bernoulli formulation presented in [33]. Moreover, the 
developed scheme adopts a FEM approach, thus allowing for handling any complicated 
rotor configuration; including multi-disk, multi- bearing, tapered shaft segments; etc. In 
this context, both modal and influence coefficient methods of balancing were adopted. 
Mode shapes are used to determine the proper balancing planes. Balancing is carried out 
at a speed well below the first critical speed. 
 
5.1 Theory of Low-Speed Balancing For Flexible Rotor  
The analysis in this part proceeds along a parallel line to the formulation 
presented in [33]. For an isotropic flexible shaft, the coordinate system Oxys  is attached 
to the rotor as shown in the Figure 5.1. The deflection of the shaft can be expressed in 
this coordinate system as 
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)()()( siysxsz                                                                               (5.1) 
 
 
                             FIGURE 5.1: Flexible Rotor 
 
The components of the shaft deflection in sx  and sy   planes are )(sx  and )(sy  in 
that order. The unbalance in the shaft would create centrifugal inertia forces )(sF  acting 
on the shaft.  The differential equation of the shaft deflection is given by Equation (3.98), 
which can be written as 
  }{}]{[}]{[}]{[ FzKzCzM                                                            (5.2) 
where 
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and 
  ][ eM inertial matrix of the shaft, ][ dM  inertial matrix of the disk, 
  ][ eG  gyroscopic matrix of the shaft, ][ dG  gyroscopic matrix of the disk, 
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             ][][ KK   Augmented stiffness matrix or composite element stiffness matrix of 
                       the shaft,  
             ][ bC  damping matrix of the bearing,  ][ eK  stiffness matrix of the shaft,  
             
bK     stiffness matrix of the bearing,  }{z nodal deformation vector,  
           }{F Vector of generalized forces, v Viscous damping factor,  
             Rotational speed, h  Loss factor due to hysteretic damping for the 
rotating shaft material 
Each of this matrices and vectors are defined and explained in the Chapter 3. 
However, if )(sm is mass per unit length at any point s (where Ls 0 ), L is the 
length of the shaft and   is the rotational speed of the shaft. The characteristic modal 
functions ( ,...., )(2)(1 ss  ) of the shaft and corresponding natural frequencies ( ......., 21  ) 
can be determined if the support and boundary conditions of the shaft are known. Here, 
the natural frequencies j  and mode shapes )(sj refer to the jth  principal mode.  
Utilizing the orthogonality condition, one gets  
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where jH  is the jth  modal mass. Now, the distribution of unbalance on the shaft )(su  
can be expressed in terms of the orthogonal principal modes as 
  
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
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1
)()()(
j
sjj dssmcsu                                                                         (5.4) 
where jc  is the coefficient of the modal component of unbalance. Also, due to 
orthogonality conditions given in the Eq. (5.3), we can have 
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 In order to balance the shaft at low speed, the following corrections are needed: 
 P  = correction planes at Ppss p ,......,2,1,  .  
pm Correction mass in each plane at pss   attached at a radius pr  and angle p    
If the balance correction at plane P is 
pi
ppp ermU

  , then total balancing corrections 
can be written as   
                           
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P
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pp ssUsU
1
)()(                                                                    (5.6) 
where )( pss   is the Dirac delta function.  However, Eq. (5.6) can further be expressed 
by utilizing Eq. (5.3) as  
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where 
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Hence, if Eq. (5.8) is substituted into Eq. (5.7), we obtain 
                             




P
p
pjp
jj
j sU
H
ssmsU
11
)(
1
)()()(                                            (5.9) 
Now, due to unbalance and balance correction on the shaft, the centrifugal force )(sF  
consists of forces created by both unbalance )(su  and balance correction )(sU . 
Accordingly, one can write 
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Similarly, if the damping part of Eq. (5.2) is temporarily set to zero, and assumed the 
solution of the equation to be harmonic as 
titi esFFandeszz   )()( . The Eq. (5.2) 
will become 
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If we substitute Eq. (5.10) into Eq. (5.12), one gets 
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The constant coefficients jw   are referred to as  jth  modal components of the deflection 
of the shaft.  
If we define  
                  jj  /                                                                                                 (5.15) 
106 
 
Upon substituting Eq. (5.15) into Eq. (5.13), we can have 
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When there is a damping distribution that is proportional to either mass, stiffness or both, 
or small, in the shaft-bearing system, we can have 
                      )()(
1
)2(1(
)(
11
2
2
ssU
H
c
Di
sz j
P
p
pjp
j
j
j jjj
j













 



                  (5.17) 
where jD  is modal damping coefficient. 
            Furthermore, the balance correction vector  }ˆ{U  can be expressed as 
                    TpUUUU }.......,,{}
ˆ{ ,21                                                                         (5.18)                                                             
and the subvectors of the principal modes as 
                   
T
pjjjPj sss })()()({}{ 21                                                     (5.19)  
in which psss ,......, 21  are  the locations of correction planes on the shaft.   
Therefore, Q  measurements of the unbalance responses of the shaft can be taken at 
qss   for Qpppq  ,.....,2,1 . Now, the measurement vector }{Z  is defined as 
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and the subvectors of the principal modes as 
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If Eq. (5.20) is combined with Eq. (5.16), one obtains             
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If we use }{ 0Z  to represent the shaft deflections caused by the initial unbalance )(su
before the balancing correction is applied to the shaft, then 
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Also, if we consider the influence coefficient method in which the influence coefficient 
ika  is defined as the response function of point iss   due to a unit correction, 1kU in 
the correction plane kss  . If we set for pk 1  
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Hence, the influence coefficient matrix ][A  can be defined for the measurement vector 
}{Z and correction vector }ˆ{U based on Eq. (5.24) as 
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However, if we expand the Eq. (5.22) and substitute Eq. (5.15) and Eq. (5.25), thereafter, 
we will have 
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In order to make the residual unbalance deflections of the shaft equal to zero by applying 
the balance correctionUˆ , different methods of balancing flexible shaft can be realized 
from Eq.(5.22 ) and Eq. (5.26) in that order. In the first instance, if in Eq. (5.22), we set 
                  .,.........2,1,0}ˆ{}{
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 jU
H
c TPj
j
j                                                   (5.27) 
the Eq. (5.22) will become equal to zero. That is, }0{}{ Z . In this case, the modal 
components of unbalance are corrected in a progressive, gradually and this approach is 
referred to as modal balancing method.  
Similarly, in Eq. (5.26), if  
                                   }0{}ˆ]{[}{ 0  UAZ                                                                 (5.28) 
we will have }0{}{ Z . Here, the initial unbalance deflections of the shaft at all 
measurement points are reduced to zero. This is due to the effect of the balance correction 
}ˆ{U as determined by the influence coefficient matrix ][A . This approach is termed as 
influence coefficient balancing method. 
According to Eq. (5.22), Eq. (5.25) and Eq. (5.26), the two major types of flexible 
rotor balancing (modal and influence coefficient balancing) are related. However, Eq. 
(5.22) can be referred to as the unified expression of the modal balancing and influence 
coefficient techniques. It also represents the relations of the deflections of the shaft to the 
initial unbalance, to the balance correction and to the natural properties of the shaft. 
Furthermore, let us introduce j  and j  to designate the following: 
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where j  and j  are the jth  undamped and damped dynamic amplifying coefficients in 
that order. So, if we substitute Eq. (5.29a) and Eq. (5.29b) in Eq. (5.16) and Eq. (5.17), 
respectively, we get 
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Thus, the balance correction }ˆ{U which satisfies Eq. (5.28) can be defined as 
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In this case, when the Eq. (5.32) is solved, the corrections }ˆ{U  will generally depend on 
the balancing speed. If we consider the expression for the Eq. (5.32a) from Eq. (5.26) 
along with Eq. (5.29a), the equation will become 
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In addition, if we assume that the nth  critical speed of the rotor that is higher than the 
operating speed is n , then the following expressions can be obtained 
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where jH jth  modal mass, 
2
2
1 j
j
j
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
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 , jj  /  , }
ˆ{C unbalance components 
and ][ Pn  and  ][ Qn modal component matrices corresponding to the correction 
planes and the measurement points on the shaft, respectively. One can rewrite Eq. (5.33) 
in the following expanded form: 
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Upon substituting Eq. (5.34) and Eq. (5.35) into this Eq. (5.36), we obtain 
 
 
     (5.37) 
 
 
            Noting that   , op  and n   are balancing speed, operating speed and nth  
critical speed while  1n  is the thn )1(   critical speed of rotor and n  is the order of the 
critical speed that is just higher than the operating speed. Since operating speed of the 
rotor is lower than its nth  critical speed, then for the corrections }
ˆ{U  to be determined 
by Eq. (5.32) and Eq. (5.27), the following conditions needed to be met: 
                               1,  nopnop                                                        (5.38) 
The operation speed of the rotor is much lower than its thn )1(   critical speed, if the 
condition in Eq. (5.38) is met, we will have 
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Then, the summation on the both sides of Eq. (5.37) can be neglected. So, Eq. (5.37) can 
be reduced to 
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H
diagdiag jQn
T
Pn
j
jQn  

















        (5.40) 
then the other conditions are 
                           njj ,,.........2,1,1                                                                       (5.41)  
                           nQP                                                                                          (5.42) 
                           0])det([,0])det([  PnQn                                                 (5.43) 
The )( jdiag   will not be singular if and only if the condition in Eq. (5.41) is met. 
Similarly, the modal component matrices ][ Qn  and ][ Pn will be square and 
nonsingular if the conditions in Eq. (5.42) and Eq. (5.43) are met. When all these 
conditions are met, Eq. (5.40) becomes 
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Since all the terms in the Eq. (5.44) are constants and independent of balancing speed, 
then, the balancing correction }ˆ{U  is a constant vector. Hence, due to the fact that Eq. 
(5.32) and Eq. (5.40) have the same solutions, balancing correction defined by Eq. (5.44) 
is the solution of Eq. (5.32) that represents the influence coefficient balancing.  
            In addition, to be able to ascertain whether the solution }
ˆ{U  defined by the Eq. 
(5.44) will satisfy the equation of modal balancing or not, the Eq. (5.44) can be expressed 
as 
112 
 
                                }0{}{}ˆ{][
1


















CU
H
diag TPn
j
                                          (5.45) 
                           or 
                               njcU
H
j
T
Pn
j
,........,2,1},0{}ˆ{}{
1









                       (5.46) 
If Eq. (5.46) is compared with Eq. (5.27), it can be seen that the Eq. (5.46) is exactly the 
equation of modal balancing for the first n  principal modes. Thus, it can be concluded 
that when the conditions in the equations (5.38), (5.41), (5.42) and (5.43) are satisfied, 
the balancing correction }ˆ{U acquired by using the influence coefficient method and 
solving Eq. (5.32), is equivalently given by Eq. (5.44). Therefore, at any speed that is 
lower than or equal to the operation speed, the first  n  modal components of unbalance 
can be balanced. In other words, the calculated correction masses at the low balancing 
speed (a convenient speed below the first critical rotor speed) are sufficient to balance the 
rotor, which should stay balanced at any other higher operating speed. 
It should be noted that the unbalance components ),....,2,1( njc j  are not required to be 
known. Besides, the above analysis can also be made for rotor-bearing system with linear 
proportional damping. By considering the Eq. (5.31) and Eq. (5.32), we can obtain 
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When the conditions in the equations (5.38), (5.41), (5.42) and (5.43) are met, Eq. (5.47) 
becomes 
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Similarly, the solution of Eq. (5.48) is given by 
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Equation (5.49) satisfies the modal balancing equation, 
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             Nevertheless, for the linear proportional damping systems, Eq. (5.49) and Eq. 
(5.50) reveal that when the aforementioned conditions are fulfilled, the balancing 
correction }ˆ{U  that satisfies the equations of modal balancing is independent of both 
balancing speed and damping of the rotor-bearing system. Finally, if the above conditions 
were met, by using the influence coefficient method at a single balancing speed, multi-
correction-plane and multi measurement point, the first n modal component of unbalance 
of a flexible rotor can be corrected at low speed. In the next section, the procedure of 
implementation is described. 
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5.2 Low-Speed Balancing Procedure  
In the case of actual filed applications, mode shapes and operational deflection 
shapes (ODS) of the rotor are to be acquired using experimental and operational modal 
analysis, respectively. However, the developed low-speed balancing scheme can be 
implemented numerically using the equations derived in Section 5.1 for the case of 
numerical testing of the method. The procedure listed hereunder is same for either case; 
regardless of the means of obtaining the modal characteristics of the rotor.  
1.) Determine the operation speed op  of the rotor 
2.) Determine how many number of critical speed ),......,( 121 n that are below the 
operation speed and let their total number be cN . The next critical speed n  that 
is above the operation speed will also need to be determined. Then, the total 
number of critical speed will then be 1 cNN (Modal analysis may be required 
here). For example, if 2cN  then, 3N . 
3.) Carry out the harmonic response analysis on unbalance rotor at operation speed 
and construct the normal mode shapes (as in Figure 5.2) for the first N critical 
speeds obtained from step 2. Then, obtain the measurement points Q  (represented 
by 
NMMM ,.......,, 21 ) and balancing planes P  (represented by NSSS ,.......,, 21 ) 
from the figure as shown in Figure 5.2. It should be noted that none of the 
selected point should be allowed to fall on the node. However, the selected 
balancing planes should close to antinodes. It should be noted here that if 2cN  
for instance, it means that the rotor operating speed is above the second critical 
speed but less than third. Then, 3N  and in order to be able to have mode shape 
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for 3rd critical speeds, the operation speed will be assumed to be 3rd critical 
speeds.  Its operation deflection shape (ODS) will then be used in that capacity. 
The normal mode shapes corresponding to three ( N ) critical speeds of the rotor 
modeled using model B (Figure 5.3) are shown in Figure 5.2 
4.) Use the first condition (Eq. (5.43)) in section 5.1 to choose the balancing speed   
(in this work, it is always less than first critical speed) and ensure thereafter that 
conditions in Eq. (5.44) and Eq. (5.46) are satisfied.  
5.) Take and record the initial measurement vector of unbalance }{ 0Z  
(at both 
operation and balancing speeds) at N measurement points obtained from step 3. 
6.) Carry out the balancing procedure using the influence coefficient method (as 
described in section 2.1.2) by using one balancing speed   and one run for each 
of the correction planes obtained in step 3. Measured the response/deflection 
(amplitude) of the rotor shaft accordingly at number of measuring points obtained 
from step 3 also (detail in section 2.1.2). 
7.) Determine the influence coefficient matrix ][A  from results obtain in steps 5 and 
6 as described in section 2.1.2 (using Eq. (2.20)) 
8.) Then, determine the required balancing correction vector }ˆ{U  from Eq. (2.18) in 
section 2.1.2 
9.) Use the result obtained in step 8 as required balancing corrections for the rotor 
10.) Test runs the rotor at both balancing and operating speeds 
11.) If the measured residual vibration is higher than the selected severity criteria, 
then any of the following measures can be applied: 
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 Any of the correction parameters (weight, radius and phase), preferably 
phase(s) can be adjusted and repeat the balancing again from step 6. This 
approach is encouraged if it was convinced that the measurement and 
correction planes selected were correct. 
 The balancing and measurement planes can be adjusted if necessary. 
 
5.3 Rotor-Bearing System Modeling 
The ANSYS 12.1 was used to model and carry out all the analysis involved in this 
work. The stationary reference frame was considered in this work based on ANSYS 
advice in order to obtain reliable results. However, the two ways considered through 
which rotor could be modeled are as shown in the Figure 5.3. The model B in Figure 5.3 
was considered for the rotor modeling throughout this work. This model is better than the 
second one in the sense that there is opportunity to have required number of correction 
planes and locate the correction weights at any desired part of the geometry of the rotor. 
All these are not available in the model A where all disks have been converted to 
concentrated load. The natural frequencies to be obtained from model B are higher than 
those from model A. However, from the sensitivity graph only the disk radius would 
impact critical speeds, bearing stiffness would not have an influence on critical speed and 
the first critical speed is more sensitive to the radius than the second one [34]. Therefore, 
model B is very important because the model A did not use the exact disk geometry and 
due to that fact the effect of the radius of the disk on the natural frequency has been 
reduced if not eliminated. 
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FIGURE 5.2: First and Second Normal Mode Shapes and ODS Versus Nodes Numbers 
for Three-Disk Rotor 
 
 
 
FIGURE 5.3: Two Different Ways of Modeling Rotor (A) Disk was considered as 
concentrated load on the shaft (B) Actual geometry of disk was considered with shaft 
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          The BEAM188 and COMBIN214 elements were used in this work throughout for 
modeling entire rotor and bearings. At earlier stage, COMBIN14 was considered but 
COMBIN214 was later adopted due to its capability. BEAM188 was adopted because it 
allow one to use beam sections (SOLID and TUBE) to make diameters of both uniform 
and non-uniform rotor and this minimize the number of nodes to be dealt with. The 
sections involve in the model can be divided along the circumference and radius as much 
as possible. All the elements and nodes numbers that are going to be created due to these 
divisions will only be available to ANSYS program not to the user. Above all, ANSYS 
recommends the use of this element being a current-technology element. It based on 
Timoshenko beam theory which includes shear-deformation effects and it can be utilized 
for analyzing slender to moderately stubby/thick beam structures.  BEAM188 has six or 
seven degrees of freedom at each node which include translations in the x, y, and z 
directions and rotations about the x, y, and z directions. A seventh degree of freedom 
(warping magnitude) is optional. This element is well-suited for different applications 
that include linear, large rotation, and/or large strain nonlinear. The elements support 
both consistent and lumped mass matrices. Consistent mass matrix is used by default and 
to use lumped mass matrix, it needs to be activated through LUMPM command. 
It is noted that COMBIN214 has longitudinal as well as cross-coupling capability 
in 2-D applications. It is a tension-compression element with up to two degrees of 
freedom at each node (translations in any two nodal directions (x, y, or z)). It has two 
nodes plus one optional orientation node. No bending or torsion is considered. The 
element need to be defined by two nodes and it has stiffness characteristics K11 K22, K12 
and K21 and damping characteristics C11, C22, C12 and C21. The unit of stiffness coefficient 
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is Force/Length while that of damping coefficient is ForceTime/Length. These 
characteristics can only be defined through the command. More information regarding 
the COMBIN214 is provided in the Appendix. 
Furthermore, ANSYS parametric Design Language (APDL) was also considered 
in this work and everything regarding rotor under consideration which include geometry, 
meshing, adding gyroscopic matrix, material properties, boundary conditions and other 
required parameters for both modeling, modal and harmonic response analyses were 
carried out from APDL. APDL make the complex rotor shapes modeling and analyses 
easier to tackle; although programming code knowledge is highly the backbone for this 
approach. 
          Ultimately, QR Damped eigensolver was employed in modal Analysis for this 
work because of its capability as stated in Chapter 4. In both Modal analysis and 
harmonic response analyses, CORIOLIS command took care of gyroscopic effect.  Also, 
stepped loading and SYNCHRO command (to indicate that the force on the model is due 
to unbalance) were also considered during harmonic analysis. The Modal analysis 
generates the rotor eigenvalues and their corresponding mode shapes. Thereafter, the 
unbalance was created on the rotor and harmonic responses analysis at operation speed 
was performed on the unbalance rotor in order to obtain the mode shapes. These mode 
shapes will be used to make the normal mode shape plot from which the appropriate 
correction planes and measurement points would be selected.  
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5.4 Computational Strategy 
The developed low speed balancing scheme of flexible rotors described in the 
section 5.1 in conjunction with chapter 4 was adopted in this work. Moreover, all the 
measuring points considered for low speed balancing of flexible rotor in this work were 
points close 
to bearing not bearing locations, as normally adopted in industry. However, this places no 
limitation on the method, as it is only mandated by the numerical model. This procedure 
would make it possible to select any number of measurement planes needed. Although, 
the bearing locations were the measurement points used for the two-plane balancing 
method because it is applicable to only rotor that has merely two bearings. The two-plane 
balancing method, as presented in Wowk [36] will be used for comparison purposes.  
For data processing, Eq. (2.23) to Eq. (2.27) in section 2.2.2 have been written in 
MATLAB code, and are utilized to determine trial weights, while quality grade G was 
considered to be 6.3 (from Table 2.3). One of the trial weights among those calculated 
from these equations would be picked. Any trial weight selected was tested to see if it 
was capable of producing measurable response that would provide noticeable difference 
from that caused by initial unbalance. In addition, the correction radii are taken to be the 
outer radii of the rotor‟s disks, as commonly adopted in the literatures. 
Once all the required measurement planes, correction planes and balancing speed 
were obtained, then the balancing operation proceeds as follows: 
 First and foremost, the harmonic response analysis is performed to obtain the 
initial responses of rotor at the measurement points due to the unbalance both at 
operation and balancing speeds. The influence coefficient method of balancing 
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rotor would then follow by placing trial masses at the selected correction planes 
one after the other and carry out the harmonic response analysis at balancing 
speed. The measured responses at selected measuring points, together with the 
trial parameters (weights, radii and angles) and the initial responses at balancing 
speed are used to obtain the actual correction parameters.  
 The influence coefficient matrix would be acquired through the Eq. (2.16) or Eq. 
(2.20) and corrections parameters (weights, radii and angles if Eq. (2.16) is used 
or weights and angles if Eq. (2.20) is used) are obtained through Eq. (2.18). These 
equations are programmed and solved using MATLAB.  
 The trial parameters, initial responses at balance speed, and responses due to each 
trial weight in the course of balancing processes obtained from ANSYS harmonic 
response analyses are inserted into either Eq. (2.16) or Eq. (2.20). This results in 
the required matrix for Eq. (2.18), required to calculate the correction parameter 
at each correction plane.  
 The acquired correction parameters are then be tested using ANSYS; both at 
balancing and operation speeds. These final responses after correction are 
compared to the initial responses of the unbalanced rotor to check the 
effectiveness of the balancing developed balancing scheme. If the results are not 
satisfactory, the process could be repeated (i.e. trim balancing session) is 
performed to arrive at the acceptable level of the residual unbalance. 
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CHAPTER 6 
RESULTS AND DISCUSSIONS 
In this chapter, the revised theory of low-speed balancing of flexible rotors 
developed in chapter 5 is applied to some case studies. The objective is to demostrate the 
applicability and verify the validity of the low-balancing scheme. The first case study 
considers a three-disk rotor, which represents a benchmark solution. The second case 
study represents a large-scale turbine rotor, resembling an actual industrial rotor system. 
However, regarding rigid bearings, stiffness value mostly used in literatues range 
from 1.0E7N/m and above. In this work, the stiffness value used for rigid bearing is 
1.0E8 N/m that is a representative stiffness value for the oil film in a journal bearing [30]. 
Steel is the material considered in this work and it is noted that it has a  small damping 
factor v . The major function of damping in the system is to reduce responses and since 
the objective of this work is to balance the rotor, material damping was not considered. 
Therefore,  v  and loss factor due to hysteretic h  were not used. If we can balance the 
rotor without considered these parameters, then the system will remain balanced or even 
more when they are considered thereafter. So, considering these parameters in our 
simulations when balancing is going on is not required. 
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6.1 Three-Disk Rotor with Rigid Bearings (1) 
The Kikuchi‟s three-disk rotor of total mass kg8.51  [20] shown in Figure 6.1.1 on 
rigid bearings was considered here. The rotor dimensions, disk that contained unbalance 
and angle at which unbalance was located were as stated in Kikuchi‟s work. In this work, 
the rotor contains unbalance of 1.75E-3kg.m (at radius of 0.07m) at an angle of 00  on the 
right side of the middle disk and it is operating at a speed of 13,440 rpm, which is above 
the rotor‟s second critical speed. The bearings are rigid and they are isotropic with 
stiffness given by mNEK /80.1 . The objective is to balance this high-speed flexible 
rotor at low speed. 
 
 
 FIGURE 6.1.1: Three-Disk Rotor [20] 
 
 
 
124 
 
6.1.1Rotor Modeling 
 
                    (a)Isometric View 
 
 
                    (b) Front View 
 
                   FIGURE 6.1.2: Three-Disk Rotor Modeling 
125 
 
6.1.2 Modal Analysis of the rotor 
The modal analysis was carried out on the above model at its operation speed and 
the first three natural frequencies of the system are listed in Table 6.1.1. The natural 
frequencies of this rotor were determined and reported by two other researchers. A 
comparison of such with results obtained by present work is tabulated in Table 6.1.2. It is 
observed that the first natural frequency obtained by the present model agrees with that of 
the Katsuaki [20], who first studied this rotor. The results obtained are higher than those 
obtained in Ref. [1], which is expected because the FEM used in ANSYS with consistent 
mass formulation is known to overestimate natural frequencies. Yet, they are known to be 
more accurate than those obtained using lumped mass models. Nevertheless, it is 
apparent that the solution of [1] has appreciably underestimated the natural frequencies. 
 
6.1.3 Rotor Balancing  
6.1.3.1 Operation Conditions 
1.) The natural frequencies recorded above indicate that the rotor is operating between the 
second critical speed (185.34 Hz or 11,120.4 rpm) and third critical speed (392.03 Hz or 
23,521.8 rpm). 
2.) The operating speed op  is 224 Hz (13,440 rpm) 
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TABLE 6.1.1: Natural Frequencies of the Three-Disk Rotor 
 
Mode 
Number 
Damped Frequency 
(Hz) 
 
Undamped 
Frequency 
(HZ)  Real Complex 
1 
0 43.43 48.695 
  0 -43.43 
2 
0 54.187 48.695 
  0 -54.187 
3 
0 163.15 185.34 
  0 -163.15 
4 
0 207.36 185.34 
  0 -207.36 
5 
0 342.69 392.03 
  0 -342.69 
6 
0 418.44 392.03 
  0 -418.44 
 
     
TABLE 6.1.2: Natural Frequencies from Different Researchers 
 
Natural Frequency (Hz) 
Ref.  [20] Ref.  [1] Present Work 
48.7 42.8780 48.695 
Not available 170.319 185.34 
Not available 361.624 392.03 
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6.1.3.2 Mode Shapes from Harmonic Response Analysis  
Based on the available parameters, the unbalance was created on the rotor as 
shown in Figure 6.1.3 and the harmonic response analysis was performed on the 
unbalanced rotor at operation speed (13,440 rpm).The mode shape corresponding to each 
critical speed were then obtained. Since the rotor is operating above the second critical 
speed, only the first and second natural mode shapes are needed. The rotor‟s operational 
deflection shape (ODS) is used to serve as mode shape of 3rd critical speed. The normal 
mode shapes shown in the Figure 6.1.4 are plotted, while the correction planes and 
measurement points are selected as shown in the Figure 6.1.4.  
 
6.1.3.3 Low Speed Balancing Conditions  
   In order to satisfy the conditions required for low-speed balancing procedures 
described in section 5.2, the following parameters were used: 
1.) Balancing speed   is 2,000 rpm which is well below the first critical speed. 
2.) Since rotor is operating above the second critical speed, then 3N  and three 
correction planes plus three measurement points are required. 
3.) The three correction planes are ,1S 2S  and 3S  and the three measurement points 
are ,1M 2M  and 3M  which are located as shown in Figure 6.1.4.  
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                 FIGURE 6.1.3: Unbalance Three-Disk Rotor  
 
 
FIGURE 6.1.4: First and Second Normal Mode Shapes and ODS Versus Nodes Number 
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6.1.3.4 Low Speed Rotor Balancing Processes 
6.1.3.4.1 Initial Responses depicted at measurement points 
The Harmonic analysis was carried out for the unbalance rotor shown in the 
Figure 6.1.3 at speed (14,040 rpm) which is above the operation speed (13,440 rpm) and 
at balancing speeds in order to obtain the initial responses. The initial responses at the 
three measurement points (three nodes) are then acquired. The initial responses at 
balancing speed are shown in Table 6.1.3.     
 Now, having obtained the initial responses of the rotor, the balancing operation proceeds 
by adding trial weights to the unbalanced rotor at the selected correction planes, one after 
the other. Several trial sessions are carried out using the low-speed balancing procedure 
described in section 5.2 at balancing speed. In this context, we have tested four different 
sets of trial weights. The results obtained from the four different trials sessions are 
summarized in the Table 6.1.4. 
 
6.1.4: Results 
      In this section, the correction parameters are determined by utilizing the data in 
Tables 6.1.3 and 6.1.4 together with the equation of the low-speed balancing procedure 
described in section 5.2. The balanced rotor (i.e. after adding correction masses) is tested 
at both balancing and operation speeds as well as at a speed above the operation speed. 
The acquired correction parameters and the responses at measurement points when each 
of the correction parameters was applied to the rotor at balancing speed are shown in the 
Table 6.1.5. 
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      TABLE 6.1.3: Initial Responses at Balancing Speed (2,000 rpm) 
 
        
       
       TABLE 6.1.4: Trial Parameters, Amplitudes and Phases at each Measurement Point 
 
 
 
TABLE 6.1.5: Correction Parameters and Final Amplitudes and Phases at each 
Measurement Point 
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  It is noted that, when the four sets of correction parameters (in Table 6.1.5) were 
applied to the rotor one after the other, the rotor was balanced not only at balancing speed 
but also at operation speed. The amplitude-phase plot of the initial responses due to 
unbalance and final responses acquired when rotor was balanced using the 1st and 3rd 
correction parameters at both balancing and operation speeds are shown, for each 
measurement point in subsection 6.1.4.2.  
Accordingly, it is concluded from Figures 6.1.7 to 6.1.9 that the rotor could be 
balanced at low speed (a speed less than the first critical speed). 
 
6.1.4 .1 3D Plots of Critical Mode shapes of the Rotor 
Since rotor is operating above second critical speed, the 3D plots of the first two 
critical mode shapes of the rotor at operation speed (before and after balancing) are 
shown in the Figure 6.1.5. It is imperative to know that these mode shapes are obtained 
through the harmonic analysis at excitation frequency equivalent or close to each of the 
two critical speeds of normal rotor. The figures show the difference in rotor mode shapes 
before and after balancing. 
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       (a1): First critical mode Shape at excitation frequency of 48.495Hz before balancing 
 
 
 
      (a2): First critical mode shape at excitation frequency of 48.495Hz after balancing 
 
 
FIGURE 6.1.5 (a): Three-Disk Rotor Mode Shapes Before  and After Balancing 
133 
 
 
(b1): Second critical mode shape at excitation frequency of 184.742Hz before balancing 
 
 
(b2): Second critical mode shape at excitation frequency of 184.742Hz after balancing  
 
FIGURE 6.1.5 (b): Three-Disk Rotor Mode Shapes Before  and After Balancing 
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         (c1): Operation deflection shape at excitation frequency of 224Hz before balancing 
 
 
           (c2): Operation deflection shape at excitation frequency of 224Hz after balancing 
 
 
          FIGURE 6.1.5 (c): Three-Disk Rotor Mode Shapes Before  and After Balancing 
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                                 (a) First Mode 
 
 
                               (b) Second Mode 
 
 
                               (c) Operation Deflection Shape (OPDS) 
 
FIGURE 6.1.6: Unbalanced and Balanced Three-Disk Rotor Mode Shapes 
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Similarly, despite the fact that the differences in mode shapes are shown in three-
diemnsional configuration in Figure 6.1.5 for unbalanced and balanced rotor, these 
differences were corroborated further in Figure 6.1.6 (a, b and c). Both Figures 6.1.5 and 
6.1.6 are obtained by using USUM. It can been seen in these figures that modes of the 
rotor have been reduced drastically after the rotor was balanced. 
 
6.1.4.2 Amplitude–phase plot (Bode Plot) 
When the correction parameters (in Table 6.1.5) are applied to the rotor one after 
the other during the test-run at balancing and operation speeds as well as speed above the 
operation speed, the amplitude phase plots are made from the responses obtained. The 
amplitude-phase plot is made up of two parts, which include the amplitude versus 
frequency and the phase versus frequency. These are shown in the Figures 6.1.7 to 6.1.9 
for all measurement points. Such figures demonstrate clearly how the low-speed 
balancing scheme reduced the initial unbalance to an acceptable level; as explained 
hereunder.   
The Figures 6.1.7 shows the rotor responses at three measuring points; before and 
after balancing. It can be seen that at all measuring points, the final responses are 
decreased drastically when compared to initial response at balancing speed. Also, Figures 
6.1.8 and 6.1.9 show the rotor responses (in y and z directions) at all measuring points 
when it is being tested at a speed above its operation speed. The initial responses that 
have been obtained from unbalanced rotor were plotted against the responses of balanced 
rotor. The vertical dashed line indicates the actual rotor operation speed. 
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 Rotor was run to a speed above its operation speed in order to observe how far the 
balanced rotor will be able to maintain its balanced state. This test becomes necessary; as 
precautionary measure to check the likelihood that the rotor speed may drift above the 
operating speed, due to some unexpected operating circumstances. This test will allow 
one to know the safe speed that needs to be considered during all modes of operation 
without compromising the balancing conditions. 
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 (1)Amplitude in Y- Direction at Balancing Speed  
  (a)Measurement point 1 
 
(b) Measurement point 2 
 
(c) Measurement point 3 
FIGURE 6.1.7: Plot of Responses due to the Correction Parameters and Initial 
Responses at Balancing Speed at Three Measurement Points 
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(2)Amplitude-phase Plots in Y- Direction at Speed above the 
Operation Speed 
 
 
 
 
FIGURE 6.1.8: Amplitude Phase Plots (Y-Direction) at Speed above Operation Speed: 
at Measurement Point 1 
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FIGURE 6.1.8: Amplitude Phase Plots (Y-Direction) at Speed above Operation Speed: 
at Measurement Point 2 
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FIGURE 6.1.8: Amplitude Phase Plots (Y-Direction) at Speed above Operation Speed: 
at Measurement Point 3 
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(3) Amplitude-phase Plots in Z- Direction at Speed above the 
Operation Speed 
 
 
 
FIGURE 6.1.9: Amplitude Phase Plots (Z-Direction) at Speed above Operation Speed: 
at Measurement Point 1 
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 FIGURE 6.1.9: Amplitude Phase Plots (Z-Direction) at Speed above Operation Speed: 
at Measurement Point 2 
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FIGURE 6.1.9: Amplitude Phase Plots (Z-Direction) at Speed above Operation Speed: 
at Measurement Point 3 
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6.1.4.3 Percentage Unbalance Reduction 
In order to assess the effectiveness of the developed low-speed balancing scheme, 
the percentage unbalance reduction is calculated. This can be used as an appropriate 
measure for judging the method, rather than using the balancing quality grade criteria 
which may not be meaningful of such an experimental rotor. There are reductions at all 
measuring points after the rotor has been balanced. The calculations were performed for 
the responses at the two critical speeds and at another speed above the operation speed. 
The percentage reductions of responses in Figure 6.1.8 are tabulated in the Table 6.1.6. 
The smallest reduction is 15% and this is due to the fact that the response at that point 
was very small initially, yet the balancing operation still reduced it by 15%. The values in 
Table 6.1.6 shows that the low-speed balancing method developed in this work reduced 
the initial unbalance responses of rotor to an appreciable level after balancing.  It shows 
an average reduction of over 55%, which is acceptable in field applications. However, in 
practical situations where the percentage reduction is not sufficient, a “trim balancing” 
can be carried out. 
In addition, the Table 6.1.6 is applicable to Figure 6.1.9 too. This is true because 
when the rotor is running on the rigid bearings, the response at any point will be the same 
along all other directions except the axis of rotation. 
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              TABLE 6.1.6: Percentage Unbalance Reduction at Measurement Points 
 
  Percentage Reduction at 
Measurement 
Point No 
1st 
Critical 
Speed 
2nd 
Critical 
Speed 
Speed above 
Op. Speed 
(14,040 rpm) 
  % % % 
1 63 91 15 
2 63 85 72 
3 63 85 80 
Average 63 87 56 
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6.2 Three-Disk Rotor with Rigid Bearings (2) 
The rotor in section 6.1 shown in Figure 6.1.1 was reconsidered again with aim of 
improving the last correction parameters and average reductions obtained. The unbalance 
quantity, correction planes, trial parameters and operation speed were changed. The 
operation speed considered was 13, 440 rpm and speed above operation speed at which 
balanced rotor was tested was 13,690rpm. The initial responses obtained at balancing 
speed and the responses obtained during the low-speed balancing processes are shown in 
Tables 6.2.1 and 6.2.2. The correction parameters obtained from these two tables are 
shown in Table 6.2.3. The new correction parameters obtained in this section also 
balanced the rotor at balancing and operation speed as well as speed above its operation 
speed. Also, the average reductions are shown in Table 6.2.4 and there were 
improvement as we hoped for. It shows an average reduction of over 85%, which is more 
than hoped for in field applications. The amplitude plots for the correction parameters in 
Table 6.2.3 are shown in section 6.6. 
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TABLE 6.2.1: Initial Responses at Balancing Speed (2,000 rpm) 
 
 
 
 
 
 
TABLE 6.2.2: Trial Parameters, Amplitudes and Phases at each Measurement Point 
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TABLE 6.2.3: Correction Parameters and Final Amplitudes and Phases at 
 each Measurement Point 
 
 
 
 
TABLE 6.2.4: Percentage Unbalance Reduction at Measurement Points 
 
  Percentage Reduction at 
Measurement 
Point No 
1st 
Critical 
Speed 
2nd 
Critical 
Speed 
Speed above 
Op. Speed 
(13,690 rpm) 
  % % % 
1 89 93 67 
2 89 92 96 
3 89 92 94 
Average 89 92 86 
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6.3 Low-speed vs. Two-plane balancing Methods 
In this section, the low-speeed balncing is compared to traditional two-plane 
balancing for the same flexible high-speed rotor. Here, the unbalance of 100E-3kg at 
radius of 0.07m (and an angle 0
0 
in the middle disk) was considered and the rotor 
operating speed was 22,200 rpm. The balancing speed for both methods was 2,000 rpm 
and the procedure for the two-plane balancing method is explained. 
 
6.3.1 Mode Shapes from Harmonic Response Analysis  
The harmonic response analysis was performed on the unbalance rotor (Figure 
6.1.3) at operation speed. The mode shapes corresponding to each critical speed are 
obtained. Since the rotor is operating above 2nd critical speed, only the 1st and 2nd 
natural frequencies mode shapes were available. The operation speed is below the 3rd 
critical speed since operation speed has not reached 3rd critical speed. Its operation 
deflection shape (ODS) is utilized to serve as the mode shape of 3rd critical speed. The 
normal mode shapes are plotted in Figure 6.3.1, and the selected two correction planes 
and two measurement points are also shown in the figure. 
 
6.3.2 Conditions for Two-Plane Balancing 
The conditions required for two-plane balancing method of rotor, are defined by the 
following parameters: 
a) The balancing speed   is 2,000 rpm 
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FIGURE 6.3.1: First and Second Normal Mode Shapes and ODS Versus Nodes 
Number 
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b) The measurements are taken at the two bearings. 
c) The two correction planes required are aS1  and aS2  or bS1  and bS2  and the two 
measurement points are 
1M and 2M  were located as shown in Figure 6.3.1. 
 
6.3.3 Two-Plane Balancing Processes 
6.3.3.1 Measured Responses at Measurement Points 
Harmonic analysis was performed on the unbalanced rotor shown in Figure 6.1.3 
at operation and balancing speeds; while the initial responses at the two measurement 
points (bearing nodes) are acquired. The initial responses at balancing speed are shown in 
Table 6.3.1. 
In addition, the balancing operation proceeds by adding trial weights to the 
unbalanced rotor disk at selected correction planes, one after the other. A number of 
different sets of trial weights were carried out using influence coefficient balancing 
method at balancing speed. The results obtained for three different trials are summarized 
in the Table 6.3.1. 
 
6.3.4: Results and Discussions 
The correction parameters are determined by utilizing data of Tables 6.3.1 and 
6.3.2 and using the formula for two-plane balancing method of rotor and they were tested 
at both balancing and operation speeds. The correction parameters obtained and the  
 
153 
 
         TABLE 6.3.1: Initial Responses at Balancing Speed (2, 000 rpm) 
           
          
        TABLE 6.3.2: Trial Parameters, Amplitudes and Phases at each Measurement Point 
 
 
TABLE 6.3.3: Correction Parameters and Final Amplitudes and Phases at each 
Measurement Point 
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responses at measurement points when each set of the correction parameters is applied to 
the rotor at balancing speed are shown in the Table 6.3.3. 
  Moreover, when the three correction parameters (in Table 6.3.3) are applied to the 
rotor one after the other, the test-runs at balancing and operation speeds, demonstrate that 
the rotor was balanced at the balancing speed.  Yet, the rotor became unbalanced once 
again at when the rotor is run at its operating speed. The amplitude plot of the initial 
responses due to unbalance and final responses obtained when the 1st and 3rd correction 
parameters were applied to the rotor at both balancing and operation speeds are shown in 
the subsection 6.3.4.1 for each measurement point. 
It can be seen from Figures 6.3.4 to 6.3.5 that the flexible rotor can only remain balanced 
within the balancing speed employed when two-plane balancing method is used. Hence, 
it can be concluded that the low-speed balancing method developed in the present work 
can balance the rotor both at balancing and operating speeds; while the traditional two-
plane balancing method fails at the higher operating speed. 
 
6.3.4.1 Amplitude plots 
The amplitude plots, that is, amplitude versus frequency for two-plane and low-
speed balancing methods of rotor under consideration are plotted here for test-runs at 
both balancing and operation speeds for all measurement points. These are shown in the 
Figures 6.3.2 to 6.3.5 for all measurement points. The Figures 6.3.2 and 6.3.3 show the 
rotor responses at the all measuring points when the rotor is unbalanced and after it has 
been balanced at balancing speed. It can be seen that at all measuring points, the final 
responses are decreased appreciably when compare to initial responses. 
155 
 
(1)Amplitude in Y- Direction at Balancing Speed 
(1.1)Two-Plane Balancing Method 
 
 
 
 
 
FIGURE 6.3.2:  Amplitude Plots due to Correction Parameters and Initial Responses at 
Balancing Speed for Two-Plane Balancing Method 
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 (1.2)Low Speed Balancing Method 
 
 
 
 
 
FIGURE 6.3.3:  Amplitude Plots due to Correction Parameters and Initial Responses at 
Balancing Speed for Low –Speed Balancing Method 
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(2)Amplitude-phase Plots in Y- Direction at Operation Speed 
(2.1)Two Plane Balancing Method 
 
 
 
 
FIGURE 6.3.4: Amplitude Plots due to the Correction Parameters and Initial 
Responses at Operation Speed  for Two-Plane Balancing Methods 
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(2.2)Low Speed Balancing Method 
 
 
 
FIGURE 6.3.5: Amplitude Plots due to the Correction Parameters and Initial 
Responses at Operation Speed  for Low-Speed Balancing Methods 
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6.3.4.2 Percentage Unbalance Increment and Reduction  
Figures 6.3.4 and 6.3.5 show the rotor responses at all measuring points when it is 
being tested at its operation speed. The initial responses that have been obtained from 
unbalanced rotor were plotted against the responses of balanced rotor. While the rotor    
(Figure 6.3.5) balanced by low-speed balancing method developed in this work remained 
balanced at operation speed, the rotor (Figures 6.3.4) balanced by the two-plane 
balancing method becomes unbalance at operation speed. The percentage unbalance 
reductions or increments are shown in the table for each method. 
 
      TABLE 6.3.4: Percentage Unbalance Increment/Reduction at Measurement Points 
 
   Percentage 
 
 
Reduction at Increment at 
 
Balancing 
Method 
Measurement 
Point No 
1st 
Critical 
Speed 
2nd 
Critical 
Speed 
Operation 
Speed 
(22,200 rpm) 
Operation 
Speed 
(22,200 rpm) 
   % % % % 
Two plane 
Method 
1 81 63 0 78 
2 81 75 0 62 
 
    
 
Low-Speed 
Balancing 
Method 
1 100 87 94 0 
2 99 83 99 0 
3 100 96 99 0 
 
It is concluded from this result that the low-speed balancing method developed in this 
work is capable to balancing the rotor not only at balancing speed but also at operation 
speed or even at some marginal speeds above the operation speed. 
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6.4 Multi Stage Turbine with Rigid Bearings 
In this scetion, an industrial large-scale turbine rotor Figure 6.4.1 similar to that 
studied in [35] will be considerd and the geometry data are as stated in their work. In this 
work, the multi stage turbine is operating at 16,200 rpm and there are two unbalances 
located on the turbine at stations  12 and 21 with quantities of  0.5 oz-in at 0
o
   and 1.5 oz-
in at 90
o
 (or 3.6E-04kg-m  at 0
o
 and 1.08E-03 kg-m at 90
o
 where radii are 0.2802 and 
0.2675m) respectively. The turbine is running on the two bearings (with 
 N/m E080.1KK zzyy  while cross coupling stiffness and dampers are zeros) and the 
objective is to balance the turbine at low speed. 
 
 
 
               FIGURE 6.4.1: Multi Stage Turbine [ 35] 
161 
 
6.4.1 Turbine Modeling 
 
                      (a)Isometric View 
 
 
                     (b) Front View 
 
             FIGURE 6.4.2: Multi Stage Turbine Modeling 
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6.4.2 Modal Analysis of the Turbine 
The modal analysis was carried out on the above model at its operation speed and 
the first three natural frequencies of the system are listed in Table 6.4.1. 
 
                    TABLE 6.4.1: Natural Frequencies of Multi Stage Turbine 
 
Mode 
Number 
Damped Frequency 
(Hz) 
 Undamped 
Frequency 
(HZ) 
  Real Complex 
1 
0 44.352 44.553 
 0 -44.352 
2 
0 44.74 44.553 
 0 -44.74 
3 
0 92.671 104.49 
 0 -92.671 
4 
0 117.79 104.49 
 0 -117.79 
5 
0 276.41 310.57 
 0 -276.41 
6 
0 347.63 310.57 
 0 -347.63 
 
 
6.4.3 Rotor Balancing  
6.4.3.1 Operation Conditions 
1.) The natural frequencies recorded above indicate that the turbine is operating between 
the second critical speed (104.49 Hz or 6,264.4 rpm) and third critical speeds (310.57HZ 
or 18,634.2 rpm). 
2.) The operating speed op  is 270 Hz (16,200 rpm) 
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             FIGURE 6.4.3: Unbalance Multi Stage Turbine 
 
 
        FIGURE 6.4.4: First, Second and ODS Normal Mode Shapes Versus Nodes 
        Numbers  
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6.4.3.2 Mode Shapes from Harmonic Response Analysis  
Based on the available parameters, the unbalance was created on the turbine as 
shown in the Figure 6.4.3 and the harmonic response analysis was performed on the 
unbalanced turbine at operation speed (16,200 rpm).The mode shape corresponding to 
each critical speed were then obtained. Since turbine is operating above the second 
critical speed, only the first and second natural mode shapes are needed. The turbine‟s 
operational deflection shape (ODS) is used to serve as mode shape of 3rd critical speed. 
The normal mode shapes shown in the Figure 6.4.4 are plotted, while the correction 
planes and measurement points are selected as shown in the Figure 6.4.4.  
 
6.4.3.3 Low-Speed Balancing Conditions 
In order to satisfy the conditions required for low-speed balancing procedures 
described in section 5.2, the following parameters were used: 
1.) Balancing speed   is 2,000 rpm which is well below the first critical speed. 
2.) Since turbine is operating above the second critical speed, then 3N  and three 
correction planes plus three measurement points are required. 
3.) The three correction planes are ,1S 2S  and 3S  and the three measurement points 
are ,1M 2M  and 3M  which are located as shown in Figure 6.4.4 
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6.4.3.4 Low Speed Turbine Balancing Processes 
6.4.3.4.1 Initial Responses depicted at Measurement Points  
The Harmonic analysis was carried out for the unbalanced turbine shown in the 
Figure 6.4.3 at operation speed (16,200 rpm) and at balancing speeds in order to obtain 
the initial responses. The initial responses at the three measurement points (three nodes) 
are then acquired. The initial responses at balancing speed are shown in Table 6.4.2. 
Now, having obtained the initial responses of the turbine, the balancing operation 
proceeds by adding trial weights to the unbalanced turbine at the selected correction 
planes, one after the other. Several trial sessions are carried out using the low-speed 
balancing procedure described in section 5.2 at balancing speed. In this context, we have 
tested four different sets of trial weights. The results obtained from the four different 
trials sessions are summarized in the Table 6.4.3. 
 
6.4.4 Results 
In this section, the correction parameters are determined by utilizing the data in 
Tables 6.4.2 and 6.4.3 together with the equation of the low-speed balancing procedure 
described in section 5.2. The balanced turbine (i.e. after adding correction masses) is 
tested at both balancing and operation speeds as well as at its operation speed. The 
acquired correction parameters and the responses at measurement points when each of the 
correction parameters was applied to the turbine at balancing speed are shown in Table 
6.4.4. 
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           TABLE 6.4.2: Initial Responses at Balancing Speed (2, 000 rpm) 
  
            
            
 
 
      TABLE 6.4.3: Trial Parameters, Amplitudes and Phases at each Measurement Point 
 
 
 
 
TABLE 6.4.4: Correction Parameters and Final Amplitudes and Phases at each 
Measurement Point 
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It is noted that, when the four sets of correction parameters (in Table 6.4.4) were 
applied to the turbine one after the other, the turbine was balanced not only at balancing 
speed but also at operation speed. The amplitude-phase plot of the initial responses due to 
unbalance and final responses acquired when turbine was balanced using the 3
rd
 and 4
th
  
correction parameters at both balancing and operation speeds are shown, for each 
measurement point in subsection 6.4.4.2.  
Accordingly, it is concluded from Figures 6.4.6 to 6.4.8 that the turbine could be 
balanced at low speed (a speed less than the first critical speed). 
 
6.4.4 .1 3D Plots of Critical Mode shapes of the Turbine 
Since turbine is operating above second critical speed, the 3D plots of the first 
two critical mode shapes of the turbine at operation speed (before and after balancing) are 
shown in Figures 6.4.5. It is imperative to know that these mode shapes are obtained 
through the harmonic analysis at excitation frequency equivalent or close to each of the 
two critical speeds of normal rotor. The figures show the difference in turbine mode 
shapes before and after balancing. 
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          (a1): First Critical Mode Shape Before Balancing 
 
 
           (a2): First Critical Mode Shape  After Balancing 
 
       FIGURE 6.4.5(a): Multi Stage Turbine Mode Shapes before and after balancing 
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                 (b1): Second Critical Mode Shape Before Balancing 
 
 
                 (b2): Second Critical Mode Shape  After Balancing 
 
     FIGURE 6.4.5(b): Multi Stage Turbine Mode Shapes Before and After balancing 
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6.4.4.2 Amplitude–phase plot (Bode Plot) 
When the correction parameters (in Table 6.4.4) are applied to the turbine one 
after the other during the test-run at balancing and operation speeds, the amplitude phase 
plots are made from the responses obtained. The amplitude-phase plot is made up of two 
parts, which include the amplitude versus frequency and the phase versus frequency. 
These are shown in Figures 6.4.6 to 6.4.8 for all measurement points. Such figures 
demonstrate clearly how the low-speed balancing scheme reduced the initial unbalance to 
an acceptable level; as explained hereunder.   
Figures 6.4.6 shows the turbine responses at three measuring points; before and 
after balancing. It can be seen that at all measuring points, the final responses are 
decreased drastically when compared to initial response at balancing speed. Also, Figures 
6.4.7 and 6.4.8 show the turbine responses (in y and z directions) at all measuring points 
when it is being tested at its operation speed. The initial responses that have been 
obtained from unbalanced turbine were plotted against the responses of balanced turbine. 
The vertical dashed line indicates the actual turbine operation speed. Turbine was run to 
its operation speed in order to observe its balanced state. 
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(1)Amplitude in Y- Direction at balancing Speed 
  (a)Measurement point 1 
 
  (b) Measurement point 2 
  (c) Measurement point 3 
 
FIGURE 6.4.6: Amplitude Plots due to the Correction Parameters and Initial 
Responses at Balancing Speed at Three Measurement Points 
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(2)  Amplitude-phase Plots in Y- Direction at Operation speeds 
 
 
 
FIGURE 6.4.7: Amplitude-Phase Plot (Y-Direction) at Operation Speed: 
 at Measurement Point 1 
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FIGURE 6.4.7: Amplitude-Phase Plot (Y-Direction) at Operation Speed:  
at Measurement Point 2 
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FIGURE 6.4.7: Amplitude-Phase Plot (Y-Direction) at Operation Speed: 
 at Measurement Point 3 
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(3)Amplitude in Z- Direction at Operation speeds 
    (a) Measurement point 1 
    (b) Measurement point 2 
     (c) Measurement point 3 
FIGURE 6.4.8: Amplitude Plots ( Z-Direction) at Operation Speed 
 at Three Measurement Points 
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6.4.4.3 Percentage Unbalance Reduction 
In order to assess the effectiveness of the developed low-speed balancing scheme, 
the percentage unbalance reduction is calculated. This can be used as an appropriate 
measure for judging the method, rather than using the balancing quality grade criteria 
which may not be meaningful of such an experimental turbine. There are reductions at all 
measuring points after the turbine has been balanced. The calculations were performed 
for the responses at the two critical speeds and at operation speed. The percentage 
reductions of responses in Figure 6.4.7 are tabulated in Table 6.4.5. The values in Table 
6.4.5 show that the low-speed balancing method developed in this work reduced the 
initial unbalance responses of turbine to an appreciable level after balancing.  It shows an 
average reduction of 55% minimum, which is acceptable in field applications. However, 
in practical situations where the percentage reduction is not sufficient, a “trim balancing” 
can be carried out. 
 
              TABLE 6.4.5: Percentage Unbalance Reduction at Measurement Points 
 
  Percentage Reduction at 
Measurement 
Point No 
1st 
Critical 
Speed 
2nd 
Critical 
Speed 
Operation 
Speed 
(16,200 rpm) 
  % % % 
1 62 64 42 
2 62 62 51 
3 61 63 72 
Average 62 63 55 
 
In addition, this table is applicable to Figure 6.4.8 too. This is true because when 
the turbine is running on the rigid bearings, the response at a point will be the same along 
all other axes except the axis of rotation. 
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6.4.4 .4 Orbit Plot 
The orbits for the first two critical speeds from modal analysis (when turbine 
contained no unbalance) were obtained while the orbits of the excitation frequencies 
corresponding to the first two critical speeds were also obtained from harmonic analysis 
(when turbine was unbalance and  balanced using 4th correction parameter). These orbits 
were as shown in the Figures 6.4.9 and 6.4.10 and it can be observed that Figures B1 and 
B2 (for unbalanced) and C1 and C2 (after balancing) were similar to A1 and A2 (Normal 
Turbine). Hence, only Figures C1 and C2 were closer to Figures A1 and A2. This shows 
that the correction paramter brought  the unbalanced turbine close to initial turbine which 
was perfectly balance. 
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                       (A1) Orbit plot for the first critical speed of normal turbine 
 
 
 
 
                       (B1) Orbit plot for the excitation frequency (45Hz) of unbalanced turbine 
 
 
 
 
                        (C1) Orbit plot for the excitation frequency (45Hz) of balanced turbine. 
 
FIGURE 6.4.9 (A1-C1): Comparison between Orbit Plots from Normal, 
Unbalanced and Balanced Turbines at First Critical Speed 
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                      (A2) Orbit plot for the second critical speed of normal turbine 
 
 
                      (B2) Orbit plot for the excitation frequency (105Hz) of unbalanced turbine 
 
 
                      (C2) Orbit plot for the excitation frequency (105Hz) of balanced turbine 
           
  FIGURE 6.4.10 (A2-C2): Comparison between Orbit Plots from Normal, Unbalanced  
  and Balanced Turbine at Second Critical Speed 
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6.5 Multi Stage Turbine with Elastic Bearings 
In this section, an industrial large-scale turbine rotor Figure 6.5.1 similar to that 
studied in section 6.4 (from [35]) will be considered again but with elastic bearings. The 
multi stage turbine is operating at a speed of 5,000 rpm (with bearing parameters: 
  08,-2.01E=K 07,1.51E=K 07,7.91E=K yzzyzz   N/m 084.04EKyy   and
 s/m-N 603,928=C -65,932,=C -66,463,=C 162,997,=C  yyyzzyzz ) and there are two 
unbalances located on the turbine at stations  12 and 21 with quantities of   10E-3 kg.m at 
0
o
 and 10E-3 kg.m  at 90
o
 (where radii are 0.2802 and 0.2675 m) respectively. The 
turbine is running on the two bearings and the objective is to balance the turbine at low 
speed. 
 
 
               FIGURE 6.5.1: Multi Stage Turbine [ 35] 
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6.5.2 Turbine Modeling 
 
 
                       (a)Isometric View 
 
 
 
 
               (b) Front View 
 
              FIGURE 6.5.2: Multi Stage Turbine Modeling 
 
 
182 
 
6.5.2 Modal Analysis of the turbine 
The modal analysis was carried out on the above turbine model at its operation 
speed and the first five natural frequencies of the system are listed in Table 6.5.1. 
 
                  TABLE 6.5.1: Natural Frequencies of Multi Stage Turbine 
Mode 
Number Damped Frequency (Hz) 
Undamped 
Frequency 
(HZ) 
 Real Complex 
1 
-6.9424 42.07 
41.016 
-6.9424 -42.07 
2 
-7.1427 62.846 
63.394 
-7.1427 -62.846 
3 
-37.454 86.431 
94.537 
-37.454 -86.431 
4 
-93.559 151.27 
173.22 
-93.559 -151.27 
5 
-108.88 276.35 
303.48 
-108.88 -276.35 
  
6.5.3 Turbine Balancing  
6.5.3.1 Operation Conditions 
1.) The natural frequencies recorded above indicate that the turbine is operating between 
the second critical speed (63.394 Hz or 3,803.64 rpm) and third critical speed (94.537Hz 
or 5,672.22 rpm). 
2.) The operating speed op  is 83.33 Hz (5,000 rpm) 
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        FIGURE 6.5.3: Unbalanced Multi Stage Turbine 
 
 
FIGURE 6.5.4: First and Second Normal Mode Shapes and ODS of Turbine Versus 
Nodes  Number 
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6.5.3.2 Mode Shapes from Harmonic Response Analysis  
Based on the available parameters, the unbalance was created on the turbine as 
shown in Figure 6.5.3 and the harmonic response analysis was performed on the 
unbalanced turbine at operation speed (5,000 rpm).The mode shape corresponding to 
each critical speed were then obtained. Since the turbine is operating above the second 
critical speed, only the first and second natural mode shapes are needed. The rotor‟s 
operational deflection shape (ODS) is used to serve as mode shape of 3rd critical speed. 
The normal mode shapes shown in Figure 6.5.4 are plotted, while the correction planes 
and measurement points are selected as shown in Figure 6.5.4.  
 
6.5.3.3 Low Speed Balancing Conditions 
In order to satisfy the conditions required for low-speed balancing procedures 
described in section 5.2, the following parameters were used: 
1.) Balancing speed   is 2,000 rpm which is well below the first critical speed. 
2.) Since turbine is operating above the second critical speed, then 3N  and three 
correction planes plus three measurement points are required. 
3.) The three correction planes are ,1S 2S  and 3S  and the three measurement points 
are ,1M 2M  and 2M  which are located as shown in Figure 6.5.4. 
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6.5.3.4 Low-Speed Turbine Balancing Processes 
6.5.3.4.1 Initial Responses depicted at Measurement Points  
The Harmonic analysis was carried out for the unbalance turbine shown in Figure 
6.5.3 at speed (6,000 rpm) which is above the operation speed (5,000 rpm) and at 
balancing speeds in order to obtain the initial responses. The initial responses at the three 
measurement points (three nodes) are then acquired. The initial responses at balancing 
speed are shown in Figure 6.5.2. 
Now, having obtained the initial responses of the turbine, the balancing operation 
proceeds by adding trial weights to the unbalanced turbine at the selected correction 
planes, one after the other. Several trial sessions are carried out using the low-speed 
balancing procedure described in section 5.2 at balancing speed. In this context, we have 
tested four different sets of trial weights. The results obtained from the four different 
trials sessions are summarized in Figure 6.5.3. 
 
6.5.4 Results 
In this section, the correction parameters are determined by utilizing the data in 
Tables 6.5.2 and 6.5.3 together with the equation of the low-speed balancing procedure 
described in section 5.2. The balanced turbine (i.e. after adding correction masses) is 
tested at both balancing and operation speeds as well as at a speed above the operation 
speed. The acquired correction parameters and the responses at measurement points when 
each of the correction parameters was applied to the turbine at balancing speed are shown 
in Tables 6.5.4. 
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    TABLE 6.5.2: Initial Responses at Balancing Speed (2, 000 rpm) 
     
  
    TABLE 6.5.3: Trial Parameters, Amplitudes and Phases at each Measurement Point 
 
 
 
    TABLE 6.5.4: Correction Parameters and Final Amplitudes and Phases at each 
    Measurement Point 
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 It is noted that, when the four sets of correction parameters (in Tables 6.5.4) were 
applied to the turbine one after the other, the turbine was balanced not only at balancing 
speed but also at operation speed. The amplitude-phase plot of the initial responses due to 
unbalance and final responses acquired when turbine was balanced using the 3rd and 4th 
correction parameters at both balancing and operation speeds are shown, for each 
measurement point in subsection 6.5.4.2. 
Accordingly, it is concluded from Figures 6.5.7 to 6.5.9 that the turbine could be 
balanced at low speed (a speed less than the first critical speed). 
 
6.5.4 .1 3D Plots of Critical Mode shapes of the Turbine 
Since turbine is operating above second critical speed, the 3D plots of the first 
two critical mode shapes of the turbine at operation speed (before and after balancing) are 
shown in Figures 6.5.5 (a and b). It is imperative to know that these mode shapes are 
obtained through the harmonic analysis at excitation frequency equivalent or close to 
each of the two critical speeds of normal turbine. The figures show the difference in 
turbine mode shapes before and after balancing. 
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         (a1): Mode Shape  at excitation frequency of 41.667 Hz before balancing 
 
 
         (a2): Mode Shape  at excitation frequency of 41.667 Hz after balancing 
 
FIGURE 6.5.5 (a): Multi Stage Turbine Mode Shapes Before  and After Balancing 
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          (b1): Mode Shape  at excitation frequency of 62.963 Hz before balancing 
 
 
          (b2): Mode Shape  at excitation frequency of 62.963 Hz after balancing 
 
      FIGURE 6.5.5 (b): Multi Stage Turbine Mode Shapes Before  and After Balancing 
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    (a) First Mode 
 
     (b) Second Mode 
 
         (c) ODS 
 
FIGURE 6.5.6: Multi Stage Turbine Unbalanced and Balanced Mode Shapes 
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Similarly, despite the fact that the differences in mode shapes are shown in three-
diemnsional configuration in Figures 6.5.5 for unbalanced and balanced turbine, these 
differences were corroborated further in Figures 6.5.6 (a, b and  c). Both Figures 6.5.5 
and 6.5.6 are obtained by using USUM. It can been seen in these figures that modes of 
the turbine have been reduced drastically after the turbine was balanced. 
 
6.5.4 .2 Amplitude–phase plot (Bode Plot) 
When the correction parameters (in Table 6.5.4) are applied to the turbine one 
after the other during the test-run at balancing and operation speeds, the amplitude phase 
plots are made from the responses obtained. The amplitude-phase plot is made up of two 
parts, which include the amplitude versus frequency and the phase versus frequency. 
These are shown in Figures 6.5.7 to 6.5.9 for all measurement points. Such figures 
demonstrate clearly how the low-speed balancing scheme reduced the initial unbalance to 
an acceptable level; as explained hereunder.   
Figure 6.5.7 shows the turbine responses at three measuring points; before and 
after balancing. It can be seen that at all measuring points, the final responses are 
decreased drastically when compared to initial response at balancing speed. Also, Figures 
6.5.8 and 6.5.9 show the turbine responses (in y and z directions) at all measuring points 
when it is being tested at a speed above its operation speed. The initial responses that 
have been obtained from unbalanced turbine were plotted against the responses of 
balanced turbine. The vertical dashed line indicates the actual turbine operation speed. 
Turbine was run to a speed above its operation speed in order to observe how far the 
balanced turbine will be able to maintain its balanced state. This test becomes necessary; 
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as precautionary measure to check the likelihood that the turbine speed may drift above 
the operating speed, due to some unexpected operating circumstances. This test will 
allow one to know the safe speed that needs to be considered during all modes of 
operation without compromising the balancing conditions. 
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(1)Amplitude in Y- Direction at Balancing Speed  
   (a)Measurement point 1 
   (b) Measurement point 2 
 
    (c) Measurement point 3 
FIGURE 6.5.7: Amplitude Plots due to the Correction Parameters and Initial 
Responses at Balancing Speed at Three Measurement Points 
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(2)Amplitude-phase Plots in Y- Direction at Speed above the 
Operation Speed 
        
 
 
   
 
FIGURE 6.5.8:  Amplitude-Phase Plots (Y-Direction) at Speed above Operation Speed: 
at Measurement Point 1 
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FIGURE 6.5.8:  Amplitude-Phase Plots (Y-Direction) at Speed above Operation Speed: 
at Measurement Point 2 
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FIGURE 6.5.8:  Amplitude-Phase Plots (Y-Direction) at Speed above Operation Speed: 
at Measurement Point 3 
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 (3) Amplitude-phase Plots in Z- Direction at Speed above the 
Operation Speed 
 
 
FIGURE 6.5.9: Amplitude-Phase Plots (Z-Direction) at Speed above Operation Speed: 
at Measurement Point 1 
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FIGURE 6.5.9: Amplitude-Phase Plots (Z-Direction) at Speed above Operation Speed: 
at Measurement Point 2 
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FIGURE 6.5.9: Amplitude-Phase plots (Z-direction) at speed above operation 
speed: at measurement point 3 
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6.5.4.3 Percentage Unbalance Reduction 
In order to assess the effectiveness of the developed low-speed balancing scheme, 
the percentage unbalance reduction is calculated. This can be used as an appropriate 
measure for judging the method, rather than using the balancing quality grade criteria 
which may not be meaningful of such an experimental turbine. There are reductions at all 
measuring points after the turbine has been balanced. The calculations were performed 
for the responses at the two critical speeds and at another speed above the operation 
speed. The percentage reductions of responses in Figure 6.5.8 are tabulated in Table 6.5.5 
when 3
rd
 correction parameter is considered. The values in Table 6.5.5 show that the low-
speed balancing method developed in this work reduced the initial unbalance responses 
of turbine to an appreciable level after balancing.  It shows an average reduction of over 
90% per column, which is more than hoped for in field applications. However, in 
practical situations where the percentage reduction is not sufficient, a “trim balancing” 
can be carried out. 
In addition, since this turbine is running on elastic bearings, the percentage 
reductions in y and z axes are no longer the same. Then, the percentage reductions for z-
axis are shown in Table 6.5.6. .  It shows an average reduction of over 75% per column, 
which is also more than hoped for in field applications. 
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TABLE 6.5.5: Percentage Unbalance Reduction at Measurement Points  
                        (Y-Direction) 
 
  Percentage Reduction at 
Measurement 
Point No 
1st 
Critical 
Speed 
2nd 
Critical 
Speed 
Speed above 
Op. Speed 
(6,000 rpm) 
  % % % 
1 96 96 96 
2 97 96 94 
3 98 95 84 
Average 97 96 91 
 
 
                        TABLE 6.5.6: Percentage Unbalance Reduction at Measurement Points 
                           (Z-Direction) 
 
  Percentage Reduction at 
Measurement 
Point No 
1st 
Critical 
Speed 
2nd 
Critical 
Speed 
Speed above 
Op. Speed 
(6,000 rpm) 
  % % % 
1 96 81 50 
2 97 97 96 
3 97 91 84 
Average 97 90 77 
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6.5.5 Orbit Plot 
In this section, orbit plots for the first two critical speeds from modal analysis 
(when turbine contained no unbalance) were obtained. Also, orbit plots for the excitation 
frequencies corresponding or close to these two critical speeds were also obtained from 
harmonic analysis for unbalanced and balanced turbines. Those orbit plots obtained for 
the balanced turbine were acquired when the 3rd correction parameter was considered. 
These orbit plots  are as shown in Figures 6.5.10 and 6.5.11 for comparison at the two 
critical speeds. It can be observed that plots  in Figures 6.5.10 (B1) and 6.5.11 (B2) (for 
unbalanced turbine) are not close to those plots in Figures 6.5.10 (A1) and 6.5.11 (A2) 
when turbine was normal. Whereas, the plots in Figures 6.5.10 (C1) and 6.5.11 (C2) (after 
balancing) are almost the same as those in Figures 6.5.10 (A1) and 6.5.11 (A2). The slight 
differences in A‟s and C‟s might probably be due to the fact that A‟s were obtained from 
damped natural frequencies while C‟s are acquired from values approximately equal to 
natural frequencies. Similarly, these differences might also be due to the insignificant 
differences in their frequencies values. Hence, the agreement of C‟s  and A‟s 
demonstrates that the correction paramters brought  the unbalanced turbine close to the 
initial turbine state, which was absolutely balanced (normal). 
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                          (A1): Orbit plot for the first critical speed of normal turbine 
 
 
 
 
              (B1): Orbit plot for the excitation frequency (41.667 Hz) of unbalanced turbine 
 
 
 
             (C1): Orbit plot for the excitation frequency (41.667 Hz) of balanced turbine 
FIGURE 6.5.10 (A1-C1): Comparison between Orbit Plots from Normal, Unbalance and 
Balanced Turbine at First Critical Speed 
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                        (A2): Orbit plot for the second critical speed of normal turbine 
 
 
                      (B2): Orbit plot for the excitation frequency (62.963 Hz) of unbalance turbine 
 
 
                (C2): Orbit plot for the excitation frequency (62.963 Hz) of balanced turbine 
 
FIGURE 6.5.11 (A2-C2): Comparison between Orbit Plots from Normal, Unbalance and 
Balanced Turbine at Second Critical Speed 
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6.6 Performance of Balanced Rotor at High Speeds 
Analysis 
In this section, rotor with rigid bearings (Figure 6.1.2) and multi-stage turbine 
with elastic bearings (Figure 6.5.2) discussed earlier were considered. The speed used for 
each of these systems was high speed above their operation speeds. The reasons for 
carrying out this analysis are as follows: 
1. To observe how far the balanced systems will be able to maintain their balanced 
states. 
2. To calculate the percentage reduction or increment in  residual unbalance 
responses at high speed  
3. As precautionary measure to check the likelihood that the rotor speed may drift 
above the operating speed. 
4. Allow one to know the safe speed that needs to be considered during all modes 
of operation without compromising the balancing conditions.  
 
6.6.1 Three-Disk Rotor with Rigid Bearings 
The 1
st
 correction parameters among the correction parameters obtained during 
the low-speed balancing shown in Table 6.2.3 was used here. The rotor operation speed is 
13, 440 rpm and the speed considered for this analysis was 21,000 rpm. The response 
(amplitude) plots obtained are shown in the Figure 6.6.1. 
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       FIGURE 6.6.1: Amplitude  Plots (Y- and Z-Directions) at a Speed of 21,000 rpm 
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        FIGURE 6.6.2: Amplitude  Plots (Y- and Z-Directions) at a Speed of 13,690 rpm 
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The amplitude plots in Figure 6.6.2 are those plots obtained when rotor was balanced and 
tested at 13,690 rpm that was above the rotor operation speed (13,440 rpm). The 
following points can be observed when the amplitude plots in Figures 6.6.1 are look 
critically: 
 The initial balanced state at operation speed is maintained for the entire speed.  
 The entire responses for both balanced and unbalanced rotors changed at 21,000 
rpm from those plots we have for a speed (13,690 rpm in Figures 6.6.1) that was 
also above the operation speed. 
 Yet, the rotor still remained balanced at it is current state 
 The percentage increments in residual unbalance at measurement points occurred. 
When the amplitudes at the two critical speeds in plots for 21,000 rpm compared 
to those plots for 13,690 rpm, the percentage increments results obtained are 
shown in Table 6.6.1 with average above 110%. 
 
      TABLE 6.6.1: Percentage Increment in Residual Unbalance of Rotor 
 
Percentage Increment at 
Measurement 
Point No 1st Critical Speed 
2nd Critical 
Speed 
  % % 
1 111 166 
2 111 155 
3 111 156 
Average 111 159 
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6.6.2 Multi Stage Turbine with Elastic Bearings 
The 3
rd
 correction parameters among the correction parameters obtained during the 
low-speed balancing shown in Table 6.5.4 was used here. The turbine operation speed is 
5,000 rpm and the speed considered for this analysis was 10, 020 rpm. The response 
(amplitude) plots obtained are shown in Figures 6.6.3 and 6.6.4. The following points can 
be observed when the amplitude plots in Figures 6.6.3 and 6.6.4 are look critically: 
 The initial residual unbalance responses at operation speed are maintained or 
changed for some ranges of speeds or the entire speeds.  
 After the ranges at which residual unbalance responses are maintained, the 
residual unbalance responses began to increase linearly but at very small 
percentage.  
 At certain speed ranges, the already increased residual unbalance responses for 
range of speeds began to decrease again. 
 In all plots, the turbine preserved its balanced state at high speed 
However, we can compare the plots in Figure 6.6.3 to those in Figure 6.5.8 or compare 
the plots in Figure 6.6.4 to those in Figure 6.5.9. We observed that the responses at a 
speed up to 6,000 rpm in Figures 6.5.8 and 6.6.3 are alike and the responses in Figures 
6.5.9 and 6.6.4 are also similar. It should be remembered that Figures 6.5.8 and 6.5.9 are 
obtained when balanced turbine that is operating at 5,000 rpm was tested at 6,000 rpm. 
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               FIGURE 6.6.3: Amplitude Plots (Y-Direction) at a Speed of 10,020 rpm 
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               FIGURE 6.6.4: Amplitude Plots (Z-Direction) at a Speed of 10,020 rpm 
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CHAPTER 7 
CONCLUSIONS AND RECOMMENDATIONS 
The objectives of this research are to devise a method for balancing flexible rotor 
at low speed and to numerically investigate the developed technique in order to ascertain 
its applicability and efficiency. An elastodynamic rotor model based on the finite element 
method that accounts for rotary inertia, gyroscopic and shear effects is presented. The 
FEM rotor model was used to revise the theory postulated by Tan and Wang [28] for low 
speed balancing of flexible high-speed rotors, and to arrive at a feasible procedure of 
low-speed balancing. 
 The low-speed balancing method developed in this research study is primarily 
dependent on knowledge of modal characteristics of the rotor.  In addition, measurements 
may only be taken in one direction only in all measurements planes, one run for each 
correction plane, the rotor is satisfactorily balanced at all directions, at both the balancing 
and operation speeds. The rotor sustained its state of balancing even at speeds above the 
operation speed. Hence, the simulation results showed that flexible rotor can be balanced 
successfully at low speeds using the modally-tuned influence coefficient method.  It is 
noteworthy to mention that the application of this method to real-life rotors would require 
acquisition of modal characteristics by means of experiential and operational modal 
analysis.  
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Currently, high speed flexible rotors need to be balanced at a high-speed 
balancing facility, which requires the rotor to be shipped to such specialized facilities.   It 
was also 
 noted that there is no high-speed balancing facility in the Kingdom, which stands in the 
forefront of turbomachinery users in the world. Accordingly, carrying the developed low-
speed balancing scheme to the implementation stage would save the high cost of shipping 
such rotors abroad for balancing.  The numerical testing results of the developed low-
speed balancing scheme are encouraging. In order to investigate the applicability of the 
developed method to field applications, the method needs to be tested experimentally on 
an actual rotor. The experimental investigation of this low-speed balancing procedure is 
currently underway by Khulief and Mohiuddin [18]. 
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APPENDIX 
Bearing Element: COMBIN214 
If COMBIN214 is element 1 and it is in YZ plane (let Y and Z implies 1 and 2) 
then, the characteristics can be defined as [23] 
r,1, K11 K22, K12,K21, C11, C22 
rmore, C12, C21 
The third node is for orientation and applies to nonlinear analyses only. The element has 
the following KEYOPTs:  
The KEYOPT(2) = 0 through 2 options define the element plane. The element operates in 
the nodal coordinate system. 
The KEYOPT(3) = 0 and 1 options specify whether or not the element is symmetric. The 
cross-coupling terms in stiffness and damping coefficients will be equaled ( K12 = K 21 
and C12= C21) when it is symmetric. 
Similarly, COMBIN14 element is defined by two nodes and its properties include a 
spring constant )(K , damping coefficients )( vC  ( 21 vvv CCC   
where 
1vC  and 2vC  are 
damping and nonlinear damping coefficients), initial length and initial force 
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